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The Variaiion Methed (Eyring,
et al.. 1944, p. 99 has been used
by chemisis in energy calinlations.
For problems where a two-eleetron
approximation is made and inner
shells arve ignored, care must be taken
in the uge of the Variation Method,
The primary purpose of this paper
Is to investigale whether these two-
eleatron caleulations are a variation
problem with respect to two-electron
energies or a perturbation problem.

The invesligation considers the
usual two-eleeiron Ilamiltonian as a
periurbed ease of a more general
two-eleclron Llaniltonian. The re-
sults of the present caleulations with
the generalized Hamiltonisn should
be considered as o demonstration
rather than a goneral proot since
specific wave [Funciions are mused.
These results are compared to those
of a wsual two-eleciron ealeulation
of Lill and Li, rccently given by
Harriss, Mitehell, and Musulin
(1963).

James (1934% performed caleula-
tions, for Td, with a modified six-
electron Ilamiitonian, nying all six
elecirons and nsing, also, a two-clee-
tron approximation, The resulis in-
dicated that the serious underestima-
tion of the binding energy with a
complete caleulation was corrected
for by the approximation of newlect
of inner shells. That is, the omis-
sion of imier shells neglects a re-
pulsive potential due to these iuner

shells. This, In turn, leads to 1
smaller value for the equilibrivm in-
ternuelear distance. In ceneral, the
Heitler-London {1927) methed leads
lo values of the binding enerey
which are too low and wvalwes of
inuer shell repulsion which are Lo
high,

The generalized two-eleciron Ham-
iltonian, referred to above, may he
congidered as one which neglects, in
two-electron calenlations, all sereen-
ing by the inner shells, Conscyent-
Iy, by comparison with the results
of ihe nsnal Lwo-clertron caleelation,
it should be possible to obtain an
estimate of the inner sheil repulsions,
It 15 proposed that this method of
chiaining the repulsions is an alter-
naie method to thal of James,

T HaMmmToNian

The two-electron ITamiltonian for
the two-center problem is

1 2 1 2 Za Zia
H=——"%Vi——¥:— —
2 2 iy N
Zy Zn, 1 Z, %,
- — 4 — 3 — - {1}
5o oy Tye R

where % is the wuclear charee of
the i™ cenfer, r,, is the interefes
tronie distance,  is the distance be-
tween eenter i and eleeiron j, and
B is the distance between the cen
ters. The ITamiltonian i given M
atomie units {a.u.} (Energl:
1 au. — 27.210 c¢.v.; Charge:
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1a1., — 4.80286 x 107" e.su.; Mass:
1 an. = 91083 x 10 g; Tength:
7] aa = (529172 x 10° am. ).

In the nsnal Heitler-llondon ap-
prexinm.ti(‘m, the inner shell electrons
are vonsidered fo be too close to the
prefeus Lo actually fake part in
chemieal reaetions, This has the ef-
fect, In problems invelving the lithi-
w atom, of pgiving 7; the valne 1
jmstead of 3. Tn the present caleu-
lations, Zi, where il involves g lithi-
om atorn, will be given the value 3,
Mhat s, it is asswmed that the jnner
shells do not sereen the nueleus at

all,
Since
3 2 1
it 1Ty LY
then
H—H + ®& (2
where H is the Hamiltonian used

in the present ealculations, H, is
the usttal two-electron ITamilionian,
and H” ig the perturbing Ilamilton-
lan, eontaining terms 2/,

Tar Wavre I'nxoriox

In order to thovoughly test the
model, the caleulations are per-
formerd with two types of atomic
wave [functions. The first type is
the usual noded wave funetions
which are solutions of the hydrogen
atom problem (Evring, ef af., 1944,
p. 893, The second set consists of
the nodeless functions proposed by
Slater (1930}, The moleenlar wave
funetion is deseribed by the usual
LCAQ {linear combination of atomic
othitals} approximation in its sim-
plest Heitler-Tiondon form. That is,
only 1s orbitals are used for the by -
drogen electron and only 2s orbitals
for the valenve lithium eleetron,

Eyring, ef of. (1944, p. 216) have
also shown how the exact solutions
of the hydrogen atom problem may
be modified and taken in lincar com-
binations to approximate the exact
solutions of molecular problems. One
of the modifieations which they men-
Liun is that of placing a multipliea-
tive fuctor n [ront of the distance
parameter In the exponential por-
tion of the wave funetion. Throngh
the years it has been customary to
use  valnes sngzested by Hlater
{1930) for this multiplicative fac-
tor.

The Slater terms arc obtained
from values of sereening in the
atomie case. These, of conrse, are
not properly valid when an atom
takes part in moleenlar formation.
Tlowever, the wathematical proe-
esses necessary lo correei the situa-
tion have been so laboricus that
workers in the ficld have usually
neglevted the error resulting from
the use of the Slater values. Sinee
these valnes are based upon atoms,
it appears to be smitable to deseribe
them by the adjective atomic. Tur-
thermore, in recent years, it has be-
come recognizable that some of the
attempts to identify these multiplica-
tive factors with physieal quantities,
sueh as sereening, are rather nebu-
lous in the very complex wave fune-
tions being tested on today’s high-
speed computers. Consequently, the
general categorical term, crbital
parameter, has become adopted. The
word, orbital, is used as part of the
deseription insomuch as the gnan-
tum number is also part of the single,
compound, multiplicative faetor of
the distanee parameter (Eyring,
et. gl., 1944 p. 89). Combining these
terminologies, it may be said that
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workers in the past have used wave
funetions with an atomic orbital
parameter.

Musulin (1956} has shown how,
for diatemic molecules, an orbital
parameter, which varies with inter-
nuctear distance, may be obtained.
This functional dependence iz more
realistic for molecules than the use
of a fixed value as determined by
Slater (1930}, Tu line with the
terminology of the preceding para-
grapl, Musnlin has used the adjec-
tive, moleeular, to deseribe his mul-
tiplicative factor. The whole term
iz referred to as & molecular orbital
paranteter. The present work uses
a maolecular orbital parameter in all
wave funections.

The necessary constantls defining
the orbital parameter are computed
with the following three electron
groupings: (1} all eleetrons (4 in
the case of Lill and 6 for Tz} ; ()
only valence electrons in the pres-
ence of unsercened nuelei; (3) ouly
valence electrons in the presence of
completely screened nuelei. Techni-
cally, it might be better to deseribe
the third grouping by saying “‘in
the presence of partially screened
nuelet’ sinee Slater’s {1930) rules
are used to determine the orbital
parameters for the united and sepa-
rated atoms. Iowever, the {ermi-
nology used allows For casier tabula-
tion.

IALoULATION DETAILS

The usual techniques are used to
gbtain cxplicit expressions for all
integrals except the cxchange in-
tegral. Insomuch as several approxi-
mations have already been made,
the Mulliken {1949) approximation
is more apropos 1o the problem.
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Figure 1.—Potential energy curves of
Li,, Key: 1, 2—saix-eleciron orbital
parameter; 3, 4 —upscreened two-eled
tron orhital parameier; 5, 6—sgcreened
two-electron orbital parameter; solid
line—hydrogen-like wave functions: and
dashed line—8later wave functions.

The caleulations were performed
upon an IBM 650 computer having
no extra storage. The original pro-
grams were written in Fortran aad
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Figure 2.—Potential energy curves af
LiH., Key: 1, 2— four-electron orbite
parameter; 3, 4—unscreened two-eled

tron orbital parameter; 5§, §—screeng
two-electron orbital parameter; soll
line—hydrogen-like wave functions; and
dashed line—Slater wave functions.
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e civeeeien] versions weras writien
m Thiad (10611, The intecralz wers
prnluated at ol paonts of 1 ke twoen
e values of 25 and GOWM au,
The sealest demzity of polns wins
pobien ot the experimental foterom-
sepr dlistuaee (Herzherg, 1915,
The experivienial valne of eles-
frof SMErEies, Clssocintion energiss,
ani! tclernmelons distaness woers oh-

B

tained Srom Heesherg (79507 and
Movre (15487, The caleolated dis-
sncintion energies are oblained by
alking the difference Leiwenn the
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] HIJI] 1.:;II! I!I.'!I.'J.'\':'E]:ll:lI.Lllil'J.!.!I LI Vi, .[‘\'_'A.l.
TaH are: given in Figure 2, The
valuer Pop TaH, of the equililbriam
internlvar distanse, B, Jhe Lotal
vrergy. B, ol e amd phe alissoe -
tien enerpy. are samrearized m Ta-
bla 2. Mo binding was chaerved in
Lz Eor amy of she aix trial wave
funetivns.

Tebls 2 lists the rasults of evalu-
ating the present wove Lewcellon Poc
LiH h¥ 1w different oritervia. Thaze
reslts are inelnded 1o insoee Thal
the wavs funetian is of the same
derrze of "oondness’t oan ealealae
tipna using both types of ITamil
tonisna.

Trke fivst criterion resalts from
the rae of the Vival Theerem {Slat-
T, 19335, Tn Tablz 2, veluss of the
ralimn (-2 kinegie  cnergyspotential
rmergy 1 Aare pressnted at the equi
Librinm distance.  According o the
Viriel Thesrem, this ratie shonld
Frve the valae of 140 at this distanee,

The seepnd of thess test erlieris
ia the wae of ccoupation nombers
The mranaformation gven by Shal
(1057 a2 maed to rransloroe {he
present wavs: tumotion ioto @ truan-
cbed two-term Matars! Spin Orba-
tal c-.:]_'.\a.u&qi.tl'.. Tl sqnare ot the
ooaffinient @l the it term of the
expanalam is e wenpation numhber
of that term, which should be wary
cloga o nni'y gF the sruneated ex-
].lﬂl:l.-i'.-:.lrl T wral u;;.]_'::u;l};jmat:nn to
tha true cxpanzion,

Thanrasion

Egch of the total emergy valms
oiained in fhe prosent ealinlations
for LiH is helow tae total PE [REEI-
mental bwo electrom enzery. This s
an  appars:ab  centracdiction of  the
Waristion Theorem. Howevcer, the

poulls Ay ba explained by g .
sideration of the westrictiong of the
Variutizn Theorom.

I the Varvigticn Method, an e
ant Hamilonian iz wsel with ap
proximote wave foneficns. On phe
sthier hud 'm the  Perfirhatian
Theary, sn approximate Hamilton

ian s ouzed with  eigentunerica:
wirieh pree exeet selutions of  chas

W ittemian, The ITamiltonian i
By orpnation (17 s tle ftexsed!
Humiitmisn for a twneeenier, 1w
clectren problern i the walues of
A are corracily dafived. To Jhe s
et celeulaloon, L o onreslisiis L
balieva 1hab the walmes  elostroas
are nnder (he forees of unsersened
neEled. {'.-'lrl-s.-;:l.ml;:uti;'rr, it slenlad net
be axpeacted hab the YViariaiion Thes
rem peaviles o lower boaned for the
Latal encrey.

If this sapie argueent i appliod
to the pswsl Lwo-eleetren  oaleclas
tion, & similar atmel i rnst T
reached.  The assimesd  value of
2 = 1 im aosu wwreplsii=, (o feed
the valence rlostroma are ynidler -hE
influznee of w partiolly soresned -
fleae Held of E, — 10 [jf the & santer
ig the T atom). Thus, cme should
sl wn whecher or not it is -|-|-|_.];|rc:l'
b state thot velues obtained in the
wsial  tw-elactron aalenlalions &%
bounded from below by (he expert
roental two-plectron ensrgy.

It the wsual bwo-elevtran ealewli
tinns are eonsidenzl us pn:-'['::_n'buli'i":'
agicilutione,  then the LRTIEY ale
tained muy he either above ar hai?®
the experimental pnergy. The nsed
ennsspuenes of the Variation Thet
rein 1 that w value ohtained hel?®
the experimental eoecgy s Lhe
st et a nomerical ereor ar o faliT
of the model salaped.
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1t should be pointed out that the
present (ial(ill].a-ti()ﬂ, as described in
equation (2}, is not a true perturba-
tion caleulation since the LOAO
wave functions are not eigenfnne-
tions of . ITowever, one could re-
cast Lhe Hamilionian so that the
pmh]em appears as a trne pertur-
butioni problem, This is dene by
gpUtting H, into two parts, vie.,

Ho — HU’ + HDH

where Ho' is the Hamiltonian for
a composite system of hydrogen-like
atems and H,” eontaing the re-
mainder of the terms of H,. The
LCACG (ancetions arve then solautions
of H,’, and {he problem could be
treated rigorously as a perturbation
problex,

In the present ealculations, if to-
tal envcrgy iy used as a eriterion to
gelect the best wave funetion, it is
seen that the nse of o hydrogen-like
funetion, with a molecular parameter
determined by ihe use of all four
electrons, provides the best LCAQ
approximation to the wave function
of Lill.

Sinee no binding was fonad for
Lig, it would not be appropriate to
distuss whether or not the total en-
ergy af the stable minimum ix above
or below the experimental Lwo-elee-
tron energy.. On the other hand, if
one exauiines the total energies ob-
tained at {he experimental inter-
nuclear istanece, one finds that five
of the xix calenlations yield values
below the experimeutal cnergy value.

The Variation Theorem does not
provide any information on bounds
of dissoeiation energies, It might
be noted that the hydrogen-like wave
fanetion, with o molecular orbital
Paramefer using all four electrons,

again provides the best value of the
dissociation encrey,

The essential difference between
this caleulation and that performed
by Harriss, ef al., is the addition of
the perturbing term, H', of eguation
{2). This term i3 allractive in na-
ture and has the effect of lowering,
for a given internuclear distance, the
total energy. Physically, the differ-
ence corresponds to the shielding of
the nuelear fleld by the inner shell
cleetrons,  In this {ramework, it
might be sald that the traditional
two-electron ealemlation corresponds
to the inclusion of inner shells (the
assigned value of Z; —= 1 in the Ham-
Hitonian  corresponds ta complete
shiclding by the inner shells) while
the present caleulation corresponds
to the omission of inner ghells. It is
Lo be noted that this doees not imply
that inner shells are ineluded in any
two-eleciron eaienlation,

The results cobtained, using this
vicwpoint, agree with those given hy
James, The inelusion of inner shells
gives rise to a repulsive poteniial in
the gromnd state of Lis. The present
ealeulation also indicates that this is
frue for Lill. However, with the
present wave funetion, a,fl hinding
Is lost when the inner shells are
omitted in Liz. Thus, the binding
energy is greater with the inner
shells ineluded, which ig contrary to
the results of James. It would ap-
pedr that the use of & wave funection
with a molecular orbital parameter
eauses the repulsive potential due to
mner shells to be as great or greater
at large distances than at eqnilibri-
um distances; whereas, the James’
wave function camses this potentiai
to greatly diminish at large dig-
tances.
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Yor the ionie, Lil{ wmoiecule, the
dissociation energy is greater with
the omission of inner shells in four
of the six caleulations. This is indi-
cated hy the results tabulated in the
final column of Table 1, which of
course then are the inner shell re-
pulsions.

Home readers may find the purely
mathematical approach of the pres-
ent, work, and that of James {1934},
too mysterious. They may he re-
assured that the results arc similar
to these obtained in a posterior:
argumlments by chemists who base
their work upon experimental evi-
dence. For example, Pltzer {1948}
eoncludes gualitatively, based upon
experimentally determined dissocis-
tion energies, that inner shells repel
each other. Pitwer indicates that
such repurlsiong are not as predomi-
nant for first row species (inelud-
ing Tis) as for species of other rows
in the periodie table. The present
paper can make no such compari-
sons, but the valnes of Table 1 and
those found by James indicate that
neglect of inner shell repulsions may
cause # misestimate of the binding
energies of the outer electrons by
as much as 40 to 60%,

The strong shifting of equilibrium
distances toward smaller values
found by James is not found in the
present ealeulation, A slight indi-
cation of this effect is found, for
LiH, if the orbital parameter in
hydrogen-like wave functions is de-
termined using all four electrons,
Tt is this selection of wave function
which must be considered best, if
sgreement with the work of James is
nused as a eriterion,

The hydrogen-like wave functions
are found to be better nsing the

Virtal Theorem criterion. However,
they do not appear to be as satisfae
tory a funetion as when used with
the traditional two-eleciron Hamil-
tonan.

The occupation number eriterion
indieates that the Slater wave {une-
tions are the better, although the dif-
ferenee in values is not as greal as
with the Virial Theorem eriterion.
A second point is that there is al-
most no change in the valaes of oc-
eupation numbers when the caleula-
tion is performed with the differ-
ent TTamilionians.

It would appear that there is not
much difference in the *‘goodness”
of the wave function in the calcula-
tion with the two Hamiltonians.
Therefore, the eonclusions eoncern-
ing inner shell repulsion, based wpon
the use of these funetions, ave in-
ternally consistent.

SUMMARY

Caleulations made in the Heitler
London approximation, nsing a mo-
lecular orbital parameter, for Li
and LiH support the contention that
the energy valnes obtained from &
traditional two-electron ealonlation
are not bounded by the experimen-
tal two-electron energy. A new
method, considering the usual two-
electron calculations as a perturba-
tion problem, is intreduced for in
terpreting the repulsion due to the
inner shells. Caleulations are given
to estimate the amount of these re
pulsions.
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