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INTRODUCTION

The spectra of diatomic molecules
have been studied to obtain the val-
ues of certain constants which char-
acterize the structure of a molecule
and its energy levels., The varia-
tion of potential energy, U, as a
funetion of the internuclear dis-
tanee, », may be represented graphi-
cally by the conventional potential
energy curve.

Not all speetroscopic constants
are known for all molecules or even
for all states of a single molecule.
Various empirical relations have
been proposed to prediet the values
of unknown constants from those
known experimentally. These rela-
tions have also been used to provide
insight into bonding models of mole-
cules. Examples of these relations
are found in the early work of
Badger (1934) and the reeent work
of Smith (1956). In general, spe-
cific relations have been used to make
predictions for molecules which have
some common characteristics.

In this paper some of the empiri-
cal relations are examined as to their
range of validity. Some standard
techniques of mathematical treat-
ment of experimental data are ap-
plied to these relations to determine
whether a priori a certain empirical
relation will be more valid than an-
other relation. These techniques are
also used to suggest two new empiri-
cal relations which should be of use
in prediction of unknown speetro-
scopie constants,

The following notations are used
to represent the wvarious spectro-
scopie constants: 1) r,, internuclear
distanee at the equilibrium distance;
2) D, dissociation energy; 3) k,
force constant; 4) a,, constant re-
lated to the rotational constant, B,;
2) wax, and 6) wy,. both of which
are constants related to the anhar-
monieity (i.e., the deviation from a
true parabola at the equilibrium
minimum).

RELATION TO ANALYTICAL
ExXPRESSIONS

Many investicators have sought
to express the experimental potential
energy curve as a mathematical
equation. This has been done in
both open and closed form. The
closed expressions have been selected
to reproduce the general shape of
the eurve, to obey certain limiting
conditions (ef. Varshni, 1957), and
to reproduce certain of the known
spectroscopie constants. These known
constants are either placed directly
in the mathematical expression or
used as boundary conditions to de-
termine the values of the arbitrary
constants used in the mathematical
equation. In general, the more arbi-
trary or fixed constants which are
used in the mathematical equation,
the better is the ‘‘fit’’ to the experi-
mental curve. In the literature,
equations are found containing as
few as two constants (Kratzer,
1922) and one with five constants
(Hulburt and Hirsehfelder, 1941).
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Dunham (1932) proposed a math-
ematical equation in the form of a
Taylor series. Although this expres-
sion has poor convergence proper-
ties, it does have the advantage of
allowing flexibility in the choice of
the number of constants used to
““fit"" the experimental curve. Dun-
ham has also shown that the co-
efficients of the power series are
related to the known spectroscopie
constants. For example, the coeffi-
cient of the square term (the second
derivative of the equation divided
by two factorial) is equal to k..

The application of Dunham’s for-
mulae to the closed form expres-
sions leads to analytical expressions
between the known spectroscopie
constants. These analytical expres-
sions are identieal in funectional form
to the empirical relations between
spectroscopie constants proposed by
various authors. However, it is not
necessarily true that an equation
which is a good “‘fit’’ to the experi-
mental curve will produce a fune-
tional relation between known econ-
stants which is also good. In faet,
these funectional relations being de-
rived from differentiation depend on
the positioning of the constants in
the analytical expression for the ex-
perimental eurve. They also depend
on whether arbitrary constants are
used and adjusted to the boundary
conditions or whether the known
constants are placed in the analyti-
cal expression directly.

The analytical expression of
Mecke (1927), Sutherland (1938),
Varshni (1957), and Kratzer (1922)
all lead to the relation

ke rt,

= (1)

D,

Spectroscopie Constants 121

where €, is a constant. The original
expressions,

T, H

U=D,| — Kratzer
i
7= Are-ar Varshni
U = Br-m™ — pr-» Mecke-Sutherland

where A, a, B, b, m, and p are arbi-
trary constants, are examples of a
two-parameter funetion, a three-
parameter function, and a four-
parameter funection, respectively,
The value of €', should be the same
for all molecules. In practice, the
value of €, differs when individual
molecules, or groups of molecules,
are considered. The functional form
of ', whiech relates the known con-
stants is the same. Thus, the more
flexible Mecke-Sutherland equation,
which would be expeeted to give a
more faithful representation of the
experimental curve, provides the
same relation between k., r,, and
D, as the less flexible Kratzer equa-
tion.

CosmpraraTive Test or VArious
EampiricAl. RELATIONS

The speetroseopic constants
vary from a fivefold range (for »,)
to a thousand fold range (for «.)
for all molecules. An empirical re-
lation that could be used to predict
a spectroscopic constant would be
expected to make predietions within
a smaller range than the naturally
occurring variation. The best rela-
tion would satisfy all possible dia-
tomie molecules, but several useful
relations have been found which
satisfy certain groups of molecules.

The general procedure adopted in
this work is to ‘“fit’" a particular
group by finding the best arbitrary
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constant for that group when the
relation is put into a funetional form
similar to equation (1). The best
constant is also determined for all
moleenles, The average deviation
from these constants is tabulated in
Table 1. (A random sampling indi-
cated that a Least Squares Deviation
treatment did not change general
ordering of the empirical relations
with respect to deviation from a
good ‘“fit”’.) A sample of 21 dia-
tomic molecules was selected. No
attempt was made to select mole-
cules which had normal behavior
in their spectroscopie constants. In
fact, molecules were used (N,, CO,
and NO) whose D, is in doubt, as
well as molecules which are known
to have abnormal values of the spec-
troscopic constants (Lis, Na., and
K.). The values of the spectroscopie
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constants used in these tests were
taken from the values tabulated by
Varshni (1957). The molecules were
grouped according to similar chemi-
cal properties, as indicated by the
Periodie Table. In each grouping
of homopolar molecules, the atoms
were selected from a given row or
column of the Periodic Table. In
each grouping of heteropolar mole-
cules, one atom was selected from
a given row or column and the other
atom was the same throughout the
erouping. The molecules compris-
ing each group are listed in Table 1.

A comparison between the con-
staney of », (r, = C) and ko f* = C,
is given in Table 1. The combina-
tion of two constants gives a much
better ‘‘fit’’ within a given grouping
of molecules but provides a worse
““fit’’ when an attempt is made to

TasrLe 1.—Comparison of Average Percentage Deviations.

1 Ar ' +B

Molecular groupings C Cy Ca Ca e —L'| M
Group VIIA-hydride. .......... .| 16 21 13 1 9 11
(HF, HC1, HBr, HI)
Group TA-Group TA. .. ...... . .. 14 7 19 10 2 9 20
(Liz, Na», K»)
Group VA-Group VA.. ... . ... 27 16 17 36 i 5 13
(N2, P2
Group II1B-hydride. .. .......... 4 4 24 21 17 17 28
(ZnH, CdH, HgH)
Group VIIA-Group VIIA. ... .. 8 2 14 8 7 8 10
(Clz, Bre, I2, 1CI)
Period 2-0xide. ... ..ocrvron v e 3 12 17 14 10 6 7
(CO, NO, 0O2)
Period 2-hydride. . .. ... .. .. .. 8 13 11 11 11 1 1
(CH, OH, HF)
All' molecttles: . .. vusevn vis drs 34 59 46 38 2000 28 38
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use a single constant for all mole-
cules.

The deviations from a constant
of an empirical relation combining
three speetroscopic constants is also
given in Table 1. This is the C,
of equation (1). The values of the
deviations from C, are much greater
within a group than are those of (,
but somewhat better for all mole-
cules. This better behavior when
all molecules are considered is for-
tuitous, as can be seen by examina-
tion of the eolumn which gives the
deviations for the two parameter
relation, k,D;,"' = ;. In general C;
is better than the three-parameter
relation, (,, within selected groups
and also is better when all molecules
are considered.

The econclusion indicated is that
the spectroseopie constants may be
combined in empiriecal relations
which are reasomably aceurate in
predieting the values of one con-
stant, in a given grouping of mole-
cules. This appears to result from
a fortuitous compensation in varia-
tion of the spectrosecopiec constants
themselves, A good relation is ob-
tained only by a judicious grouping
of the original constants and does
not depend on the number of eon-
stants used in the relation. In gen-
eral, the opposite behavior is ob-
served in selecting a closed relation
to represent the potential energy
curve,

The usual techniques of ‘‘fitting”’
experimental data (Scarborough,
1955: 473) to an empirical relation
employ two arbitrary parameters to
give a better ‘‘fit’’ than one arbi-
trary parameter and three to give
a better ‘‘fit’’ than two, and so
forth. The analytical expression of
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Frost and Musulin (1954a) leads to
an empirical relation of the fune-
tional forms k.D ! Ar, 1 4 B.
Previously a single constant, (', was
used to deseribe the produet K,D, .
This new funetional form ‘‘fits’’ the
produet %.D,? to a straight line
funetion of »,! by the use of two
arbitrary constants, 4 and B. The
constants A and B are determined in
each erouping of molecules by the
means of known experimental data.
The deviations from a straight line
are shown in Table 1. These devia-
tions indicate that the adjustment
of data to two arbitrary parameters
does create a better ‘‘fit’’" to the data
for molecules within a group but is
much worse when one tries to fit all
molecules to a single straight line.

The data indicate that it is pos-
sible to employ the usual mathemati-
cal techniques of obtaining a better
“fit’’ to the data with an inereased
number of arbitrary parameters,
within groupings of molecules. These
data and those of the preceding col-
umns also seem to indicate that one
cannot obtain a good ‘‘fit’’ to both
groupings of molecules and to all
molecules at the same time. In faect,
these results lead to a generalization
of Varshni’s (1957) statement that
““there are no ‘universal’ relations
connecting o, and w.z, with A"’ (the
Sutherland parameter involving k,.
r, and D,).

A second method of introducing a
second arbitrary parameter was
shown by Badger (1934) and Suth-
erland (1940). A term (r-d) is
used in their empirical relations
where d is an arbitrary parameter.
(There is some indication that this
distance parameter may be corre-
lated to the row of the Periodic
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Table to which the constituent
atoms of the diatom belong). Frost
and Musulin (1954b) have also ob-
tained relations introducing a sec-
ond arbitrary parameter in this
manner. Again the use of a second
arbitrary parameter improves the
“fit’? within groupings of molecules,
but this method of introducing the
second parameter appears to also
improve the ““fit’” for all molecules
(Frost and Musulin, 1954b).

Two NeEw EMPIRICAL RELATIONS

Irost and Musulin (1954b) de-
rived two new constants L and M,
related to the third and fourth de-
rivatives of the potential energy
curve (and hence to a, and oz, Te-
spectively). If one allows the second
arbitrary parameter (the distance
paranu-tm‘u to go to zero in the ex-
pressions of L and M of Frost and
Musulin (1954b), the following rela-
tions may be derived:

L'Za.-w.-

B,

M= o2,

B.
where w, is the fundamental fre-
quency, L’ and M’ are constants,

and the other symbols have the sig-
nificance previously given.
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Since these are first order approxi-
mations, one would expect them to
be less valid for all molecules. The
preceding analysis would indicate
that there might be an expectation
that L7 and M’ would yield rela-
tions which would be consistent
within eertain groupings of mole-
cules but not as good for all mole-
cules. The deviations of L’ and M’
from constants in Table 1 do indi-
cate that this is the case. These two
new constants should prove useful
in predicting values of «, or w, and
wele, although the relations would
not be expected to hold for all mole-
cules or for all states of a single
molecule. The ‘‘fit’’ for all mole-
cules is surprisingly good when com-
pared to the other data in Table 1.
M’ does not appear to be as con-
sistent as L’, but this is not sur-
prising when one considers that sue-
cessive derivatives of the potential
energy curve are more sensitive to
errors (Frost and Musulin, 1954b).

Table 2 gives a comparison of the
““fit”” of L’ and M’ compared to I
and M for the molecules given in the
paper of Frost and Musulin (1954b).
This table indicates that the first
order approximations are not as
eood when considering all molecules,
but in some instances the fortuitous
compensations do give better ‘‘fits’’
within groupings of molecules.

TanLe 2—Comparison of Average Percentage Deviations.

Molecular groupings

Group 1A-Group IA.
(1 roup I1B-hydride. b
iroup VITA-Group VIIA.....

All molecules. ...............

—L | ==L M M’

............. 7 9 42 20
1 17 15 28

7 8 18 10

12 3l 12 39
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An interesting aspect of these cal-
culations is that the various empiri-
cal relations seem to be particularly
valid, in many instances, in a given
period of the Periodic Table. That
relations of this type hold in periods,
for polyatomic molecules, has been
shown recently by Heath, et al.
(1950).

SUMMARY

An equation giving a good repre-
sentation of the potential energy
curve does not necessarily provide
a good relation between spectro-
scopic constants. In faet, it appears
that a ‘‘good’ relation between
these constants occurs only because
of the cancellation of variation in
the constants. The usual mathe-
matical methods of providing a bet-
ter ‘“fit’’ to a set of experimental
data does lead to relations which
are very useful for predicting values
of unknown spectroscopic constants,
This gain in usefulness is made only
at the expense of losing a relation
which will fit all molecules. This
reasoning is used to derive two new
relations useful in predicting the
values of a, or w, and w.r,.

The use of empirical constants
will continue to be useful to esti-
mate spectroscopic constants in dia-
tomic molecules and polyatomic
molecules, but it does not seem pos-
sible to relate the wvaried spectro-
scopic behavior of many molecules
or to ascertain by semi-empirical or
mathematical analysis whether a
given relation will be more useful
than another.
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