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Angrracr. — Three new quadratic for-
mulas relating ionization potentisl and
atomic number ave investigated., Tt i
found that the new formulas are in no
way superior to previously used quad-
ratiec forms. The Judgments are made
not only by the ugual appeal to exper-
iment but by new applications of statis-
tical methods to chemiecal Tesearch. The
new tochnigues suggest a new tunction
which may be auperior to all present
functions for the prediction of eleetron
afinitics. Tinally, this investigation pre-
gents and demonstrates the operalion
of a new philosophy which chemisty in
the ago of computerz should adopt,

By the use ol perturbation theory
in & gnantum mechanical frame-
work, Tethe and Salpeler (1957)
derived an cxpression for the ion-
ization energy, I, of an atom or ion.

It is .
n=ec 1. \n
1 =% ua, —
n=—=2 z

(1)

where Z 1¢ the nuclear charge of the
icn or atom, m is the order of the
perturbation, and the 2, are num-
bers derivable fromn guantum me-
chanieal integrals. The term (1/%)
funetions as a natural perturbation
Larameter,

Glockler (1934) suggested an em-
pirieal relationship between | and
Z many years before the develop-

ment of perturbation theory as a
usefnl chemical tool, His fonctional
form is simply a truneated version

of Equation (1) in which only the.

firgt three terms are used. Glockler

evaluatod the constants a, with the

ald of experimental data for eight-
een  isoelectronic series. The dif-
ference in method of obtaining the
congtanty a, refleets, of course, the
difference in an cmpivical approsch
and a theoretical approuch.

In the intervening years many
workers tricd, either empirically or
semi-empirically, to prediet ioniza-
tion energy as a function of nuclear
charge in an iscelectromic sories.
Most of the resulting cyuations were
either truncated forms of Bquation
(1] or truneated forms of Bouation
(1) with an altered independoent var-
iable. The prineipal alteration was
fo use an effective nueclear charge,
Zu:l‘.f;

Z;:ff =Z -5 (2)

where & I3 a parvametor to be ad-
justed. The total energy, T, of an
atom ov ion may be given by an
expansion of the same form as that
for I. In the case of E, the para
meter s represents screening, i o,
a partial shielding of the nuelear
charge by the othur clectromy in the
atom. A reison d’stre for trying fo
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obtain a correct relationship be-
tween ionizetion energy and nuclear
charge is that the velationship can
be used to predict electron affinities
which arce not eagily measurable.

The purpose of the present paper
is threefold in nature. Since many
empirieal formulas have been sug-
gested, but their funetional form
has been restricted, there iz a pos-
sibility that some peculiar funetional
form might be superior to the form
more commonly accepted. Thus, this
paper eompares empirical formulas
of widoly diverse functional forms
which relate lonization energy to
nuelear charge. Second, this paper
investigates the use of statistical
tools to test the ““goodness™ of sueh
formulas. For an applied mathema-
tician, e. g., s chemist, it has often
been sufficient to say a formula Iz
“oond’ if it reproduces experimen-
tal data within cxperimental error.
However, it i8 conceivable that sta-
tigtieal tools may provide more rig-
orous eriteria. Finelly, the paper
sugpests a philosophy in the use of
““canned’’ compufer programs. The
use of ecompulers are pervading
chemistry to a greater and greater
degree. As more and more chemists
uge thiz new tool, it & apparent that
the cheomist must inake more use of
programs which are avallable for
general distribution (e. g, cf.
SITARE (1866)) rather than spend-
ing precions research man-hours do-
ing rwoutine programing. Optimal
use of such prigrams demands that
the user utilize such programs to
the fullest.

ExPERIMENTAL DESIGN

A ginple format, truncation after the
guadratic term, was used throughont

the project. The purpose of the con-
gtraint was Lo control a condition in the
same fense as an experimenter controls
temperature in ovder to limit the effects
which may he obgerved in a single ex-
periment.

Before proceeding further, an impor-
tant ambizgnity in notation must he nien-
tioned, The independen{ variable is
usually conceived of as bheing that ex-
perimental variable to which a value
may be ireely assigned {usually from a
measuroment} whereas the donendent
variable is fthat wvariable whose value
is fixed when the wvalues of all inde-
pendent variables have becn assigned.
For cxample, {n Kquation (1), B iz the
independent variahle and I is the de-
pendeni variable, Alternatively, a trans-
formation conld be made such that (1/2)
ig the independent variable and I is the
dependent variable. On {he other hand,
in statistical mothods, each of the terms
containing a function of the independent
variabla just described is itsclf ealled
an independent variable. For egamyple,
in Kguation (1), 2%, 2, Z°, Z-, etc. would
gach be an independent wvarighle while T
i the dependent variable. Thus, the dis-
tinetion between independence and de-
pendence is the pame for hoth the ex-
perimentalist and the atatistician, bhut
the gtatistician considers each term a
variable, Buch a procedure is not un-
reagonable when one congiders that the
coeficient of each term iz an nnknown
whoge walue ig being soughrt,

Five diffcrent independent variables
{(in tho experimental senge} were so-
lected for this investigation. Thoy are
defined in the following equations. -

I — a, <& a,Z 4 8.2* (3}
T = a -+ a,(Z7) L a, (&) (1)
I = a; + a.{lnZ) -} g,{In Z3* (B}
I = a; + an(ef) + aylex)” (8}
1= + 2:(Zu) + 8(Za)® (D)

where a,, a, and &, are constants to be
fitted by a statiglical procedure, These
constants will differ nuwmerieally accord-
ing to the eguation in which they are
heing usced. .
Hauation (8) is glmply the first three
termsg of Eguation (1). T these derms
dominate the geries, then one would
expect the coefflcients to he very dimilar
to thosge obtained by Scherr, et al. Fur-
ther, Bquation (2) iz the game equation
uged by Glockler 1o hig empirical fitting
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procedursa, lixcept far small differences
resulting from refinemont of experi-
mental data, one would cxpeet that the
coefliclents from the prescnt research
“would agree with Lhose obtained by
Glockler. Thus, Equalion (3) iz ex-
pected to form a point of reference from
which conclusions may be drawn.

Eguations (4) through (6) represent
test squations which bear no similarity
to the known behavior of ionization en-
orgies. If present itheories are correct,
whatever testz are made ghould indicate
that these equations arve much poorer
than Eguation (2). Mention should he
made of the {uet that Eguation (4) is
another {runcated variant of klguation
{1); i. e, 2 varfant using tevrms 2, 4,
and 5 of thatl iafinite series. This fact
alone should indicale the futility of
uging Eguation (4) gince it iz known
(Eyring, et al, 1944) that the ionization
energy of Llhe hydrogen atom 18 given
by the leading ierm, alone, of Hguation
{1).

Equation (7) iz a relined form of
Equation (3} which takes into account
the sereening defined in Hoguation (2),
In this investigution, the sereening val-
nes of Blater (1930} are used. I pereen-
ing ig correclly introduced hy thig pro-
cedure, then one would expect to ohtain
the hest pomaible results within the
framework of this inwvestigation,

All values of ionization energy {in
e. v.) and nuclear charge (in a. 1.)
which were nged in thig work were
those given by Moore (1949), live dif-
feremt iznelectronic zeries were selected
for the stndy, viz, Li L, C I, P I, CI T,
and Na I, The series were sclected In
guch a manner that one could sindy
trends within families {alkali metals
and halogens) of the periodic table as
well ag within rows (second and third)
of the periodic table.

Rach isoelectronic series does not con-
tain the same number of obgervations;
CIand F I bave ten members in the
serier, Li I and C1 I have twelve mem-
bers, and Na I has ninctcen members.
Birce certaln statistical guantities de-
pend on the nomber of cohservations,
the experiment would have been more
clearly delineated if the same number
of ohservatiohs had been uded in cach
set, On the other hand, it seomed more
aezsirable to obtaln those empirical cqua-
tions which would hest describe all
availabhle experimental data. Otherwise
the investigation would, perforee, In-
rlude a detailed study of tho sourec of
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each experimental datum in order to
determine which of the data should he
aliminated. In most cases the inero-
mentation in Z iz one unit of charpe.
Ilowever, there ara exceptions; e. g, in
the Li I series, the value of Ne VIIT is
not available,

Tho ecanned program which wag se-
lected was one which containcd a least
sguares fitting procedure using the Chol-
eski method (Pureell, 1965 and was de-
signed for use with the IBM 7040 com-
puter. The program was available from
a library of programs maintained hy
the Data Proceszing and Computing Cen-
ter of The Southern Ilinois University
and wag used as part of a closed-shop
operation. The authors had to supply
only data cards which spocified the
experimental variables and parameter
cards which epecified certain informa-
tion defining Mguations (3) through (7).
The =zet of five isoelectromic series wus
run once for each type of equation. In
addition to the usual fitted ecoefficients,
thig  wvery flexible program supplied
many other pieces of informafien. In
accordance with ome of the objectives
of thig investigation, an attempt wasp
made to use oach and every piece of
informatlion which was glven in the
ontput.

The initial use of parametey cards was
tested with data from the H I iscelec-
tronic series (eight obgervations) ap-
plied to Eguation (3). Although not part
of tho designed experiment, the vesulis
{rom this text run ave Included for com-
pleteness,

REsrLmrs

Each of the ecefficients for Equations
{3) through (7) which were ohtainod
for each of tho isoelectronic series are
tabulated in Tanre 1, Tamtw 1 also lists
gome results from other workers to be
used for comparigon purpnsos,

One of the important guestions which
continually plague workers attempiing
to obltain a good empirical oquation for
I as a funclion of Z ig the aceuracy of
ionization cnevgies, In general, the re-
Huitd are moro aecurately known for
atoms with o small numhber of olectvong.
Further, the membery of au fsoelsctronic
geries with the smaller net charges nsn-
ally have been measured more accur-
ately than the members with the larger
net charges. Those 1wo generalities are
reftecled in the comparison of the cur-
rent regulis fo thoge obibgined by Glock-
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Tasre L.—The Empirical Coeficients as Determined by a Least Squarcs Procedurc.

|
| fsoelec-
i tronic ay -ag az
Sexies (e} {e.v./a.u. charge) {e.v./(a.u. charge)®
Equation (3)........| HI 0.12972641 0.12723064 13.624758
Lil 8.0037403 11.138675 3.42427M
CI 45.443210 26.397603 3.44880%4
FI 105.35315 40, 366608 3,3936465
Nal 96.2919%4 25.519966 1.3630900
CiI 221.30233 38.436418 1.3379277
Equation (3)......... HI 0.0 0.0 . 13,54
Glaockler {1934) Lil 8,15 11.25 3.43
CI 51.87 28.23 3.58
FI 1535.4 48,95 3.75
Na L 127.9 30.41 1.75
ClI 372.3 55.14 2.0
Equation (3).. LiI 6.83564799 10,82361748 3.40104189
Converted from te-| CI 38.36499862 25.34092010 3.401152306
sults of Scherr, etal.| ~ F1I 9768274169 40.06441025 3.40120967
{1962)
Equation (4),........0 Tdl 981.71%67 ¥330.6768 16615. 070
C1 | 1303.1834 17685.773 60264.041
F1 |2350.1607 46251.092 229567 .27
Nal 1982.5491 51543.017 333953.38
CtT | 2194.7406 75076.033 648087.30
Equation (5}......... Til 696, 26691 98358003 346.26477
C1 | 1883.7636 2012.2824 542 63488
FI | 5099.8576 4561, 9070 1026.0776
Nal 5447 0626 43230479 R&0. 38890
ClI | 8184.6853 5898.4383 1064. 1948
Fiquation (6)......... Lil 122.17326 —5.6207618( -4)s  —1.2738849(--10)
CI 90069235 —3.5037666{—4) —7.6305203(—11)
FI 117. 43045 —1.4471439{—>5) —2, 7544301 (—14;
Equation {7). ... IiI —1.0359764 —0,50392628 31,4242762
CI —1.0671940 7.4295491 34488344
FI 0.96321103 14574671 3.3936363
Nal —7.2371806 —1.9904304 1.563100
ClI | —14 9236308 4,9109156 1.5379840
Equation (7).. T1iT —1.775935873 0.0 3.40104189
Converted from e CI -—8.85690549 0.0 3.40115236
sults of Scherr, et aly FI | —20.30338715 0.0 3,40120967
(1962) '
i i |

¢ Tha values of gy and ag obtained for Eqnatlon (6] are the entry values multipled
by & factor of ten raized to the powser ln purentheses.

ler who had poorer and far fewer data
with whieh to work., TFor example,
agreement between coefficients for the
T4 I series varvies between 0.3% and
2.6% while agreement between coefll-
- elenty for the €1 I geries vavied hetween

219 and 88%. Neverthelege, thiz com-
parison helps establish {the correctness
of tho curtent procedures,

Scherr, et al. (1962) have devoloped
a gemi-empirical technigue for determin-
ing (he coefficients of Raquation (1) and
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the coofficienis of an equation of the
form of Hquation (1) but with %,., as
the independent variable. The coeffi-
cients of the first three torms in their
aqnations ave based upon perturbalion
theory and may be considered as  “ex-
perimental” results, "[herefore, although
their functional forms differ from those
tested in this investigation, thesc eo-
offlcients ure given fov contparigon in
Tarte 1...The values of a, given by
Scherr, €t al. were made by a piiori
choices ryailer than by mathematical
procodures such ag in the present in-
vestigalion. Therefore, their a, values
reproduce exactly the valuos from per-
turbation theory. Iurther, their method
af selecting & wilelds values dilfferent
from the values used in this investims-
tiom. i

Tt is mot possible to quote complcte

regults direet from perturbation theory, .

Even Rethe and Salpeter uge a 'semi-
empirical technigue to ohtain the higher
ovder coefficlents fnelnding a.. The dif-
ference in the work of these authors
and that of Scherr, et al, lies in their
choice of wave funetiong Tor oplimizing
the higher order coefllcients. Since
Scherr, et al. have been more complete
In thelr trealment, their results are nped
ior comparison purposes,

A comparison to results from partur-
bation theory is simple. Perturhation
theory sssumes the influite series given
by Bquation- (1). The coeficients for
each member of the sories are evalnated

without repard to the higher memberg,’

The szeries is truncated when a given
worker finds that computational effort
is too great to codtinbe the problem,
On the other hand, in the preseni em-
pirical fitting' procedure, the least
squares method provides the hest pos-
gible coefficlents for the assumed trun-
cated version. That is, .contriputions
from cubie, guartic, and highei  terms
are redistributed among the linear and
quadratie terms which have heen usod.
If the terms of Bguation (1) become
lesg important with increasing n, then
tho results of the present emnpirieal
method with the funectional form pre-
dicted by perturbation theory, might
reagonably he expocled to provide co-
efficients of the same order of magni-
lude (power of ten) as the coeflleients
obtained from perturbation theory. Sim-
ilar comments apply to truncated voo-
gions of the equations given by Beherr,
et al.. _ -

TasLE T ghows that even a truncated
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vorgion of Equation (1)} does give eo-
eflivients gqnite similar to the “experi-
mental” coefficients. Although Equation
(3) is written in the usual mathematical
form, the Z¥ torm is the leading term
of the series. The coefficient of this
ieading term would be the hydrogen-
like energy (-14n®* a. u.) if there were
no interaction between the siectrons nf
the atom or ion. For the three Tows of
the periodic table involved in the gample
series of this investigation, the eoeffiei-
ent values ave 13.62475% e. v., 2408189
e v, and 1513862 e. v. The results of
perturbation theory do not yield a con-
stant valve for each series in a given
row of the periodiec table bhecause the
theory takes inlo account magss differ-
aences, Nevertheless, TARLE 1 shows that
the present empirical method very
nearly predicts the correct valne of the
coclliciont of the dominating term in
Equation (1). This comparison to the-
ory verifies tho conclusion that current
data iz more accurate than those used
by Glockler. Further comparisons as to
the “goodness” of Bauations (3) through
(7) cannot be made through a simple
examination of the coefficients because
of the differences in functional form of
the theoretical equation and the empir-
ical eynationg.

Tart® 1 shows that the value of a,
is essentially the same for REgquations
(3) and (7). This equality is explained
I Z from liquation (2) iz substituted
into Houation (3). The result, in terms
of the coecfficients of WEquation (3, is

I = (an "}‘ 48 + a'usg) +
A3y + Za8) B + A% 00 {8)

But Bquation (8) {¢ nothing more than
Kqguation (7) with the constants, ex-
cept &, redelined. Thig substitation
pinves - that no matter what value of =
is melecied, the coefficiont of ¢ in Eque-
tion {7} will he the same az that In
Kquation (3). The slishf differences
shown in Yabhle 1 are due to rounding-
oif processes during the computer runs.
The same comments apply to the two
corresponding “‘experimental” equations
of Beherr, ot al.

In "Tapre 1, ne values are presented
for the Wua I and Cl I series with Equa-
tion (6}, This is due to the fact that
the computer gave an underflow error
during the processing of Mguution (%),
That is, somewhere during the calcula-
tiong, a number became smaller than
that which ean be accommodated by the
IBM 7040, Coneeivahly the data eould

B
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have hesn manipuiated to bypass this
error, However, since one of the objec-
tives of this research wag to work within
the framework of the eanuned program,
no attempt was made to rectify the error.
The tact that errors zuch as this do
ocour emphasizes that the future re-

gegrcher in chemistry will not simply.

he a technician but that he mu#t learn
something shbout the tool with which he
is working. That lg. the greater the
degrea of proficlency - which the re-
gearcher attaing, the more versatile will
be the research program that results.
Neverthelesg, there iz, ag this project
shows, o great decal which can he
learned from minimum versatility.

TFinally, one may establish correlations
to the periodic table. Thec constancy of
a, in a periodic row and the decrease
in a, from Houations (2) and (7) as Z
increagsed in a periodic group hae already
been digcussed, Tho values of a, and a,
from Equation {3}, the values of a, a.,
and g, from Hguations {(4) and (5},
and the valne of a, from Idguation (7}
increage with increaxing Z hoth in a
group and in a row. Ju every case ex-
cept g, from BEguation (B) the increase
is mot ntonotondie in Z; e. g, thete is
a deecrease in the value of the cocilicient
as Z is inereased froni 2 to 11, All of
these changes reflect the changes in the
values of Z which are inpul for the var-
ious ispelectromic series, That is, as
larger % valuss are used, the above men-
tioned coefficients in the wvarlous equa-
tions must compensate for the facl that
the loading coefficient, #,, is decrcasing
within every periodic group. The fact
that the iIncrease iz not monctonic re-
flects the well-known changeg In the
input values of I with increasing Z.

The faet that a. from Ednation (7)
fits the general pattern of change with
% is fortuitous. Hxamination of Egua-
tion (8) shows that the coefficients, a,
and a, of Equation (7) are highly de-
pendent upon the sgclected value of &,
No general comment can be made ahout
a. and a, ak & funetion of Z without
knowledge of the functional dependence
of & on %, 'The variation in a, precluely
illugtrates this point.

The wariation ot I wvalues with Z is
completely dominated by the independ-
ent variable, oZ, in Kgnalion {(#}. The
rapidly inereasing mature of this wari-
able diectates that a, a., and a, from
Equation (6) must be extremely small
with the degree of smallnesd increazing
rapidly as the value of ¥ increagcs, Such
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behavior is indeed observed in Taurs 1.
One page of the nntput ligts the input

values of the -dependent variable, the

values of the dependent variable pre-
dicted by the ompirical equaiion which
iz derived in the run, and the differences
in the two values., Although the mag-

 nitude of these differcnces would be an
“indication of “goodness”,
cguantity was defined, viz.,

a percentage

{Deviation) .,
N = ——

x L

1
2

where D is the percent deviatiom, I is
the mean valne of the dependen’r vari-
able, and

Poem il I
. = 4F
-(Devialion) .=} .1 =1 .
n

where n is the number of observations
and 4, is the it difference betwecn the
inpul veloe and the corresponding pre-
dicted valne of the independent variable.
The wvalues of D {for each isnelecironic

‘gerieg with ewch empirical equa.tlon are

tabnlated in TABLE 2.

Tn the presont. invesligation, the order
of magnitude of the deviations would
he sufficient. Howover, the definition of

D |Equation (8)] i3 provided for those

sxperinients where the range of the de-
pendent variable differs by more than
a maghitude. An alternate definitien of
D, haged upon the mean value of the
'tholuie deviation, counld have heen used.
Tho present deflnition thourh vields a
truer picture of the “‘gnodness” of an
equation. For example, it one observa-
tion 1s very inaccnrate, the root-mean-
aguare deviation will be much greater
than tho averape deviation. The average
ahsolute deviation was ecalcalated fov
each serics with each eguation and the
trends heveln reported do not change.
Apn examination of Tawnw 2 shows that
the resultz for Bauations (3 and (7)
arc the same. The equality ig to be ex-
pected according to the dizeussion as-
sociatod with Eguation (8), These equu-
tiong prove to be much better than Equa-
ton (5) which in turn iz better than
ligaations (4) and (6). "The term “much
betier” eorresponds Lo a ratio In D
valueg of two orders or more of magui-
tude while the term “better” corresponds
to g ratio of one order of magnitude.
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‘Within the framework of a glven egna-
tion, an ordering can also be establishad.
For example, with Bguations {(3) and
{(7), the I walues of the Li =zeries are
predicted “much better” than the I wval-
ues of the C1 geries; with liquation (4),
the converse is true. (In thiz eontexi,
comparigon ia defined by powers of two
rather than ten.) To understand this
phenomenon, one must consider that de-
vigtions will cceur because of three Tac-
tors: (1) Aceuracy of cxperimental data,
(2] Funetional relationship betweeon the
variables, and {3} Range of variables.
Although there is a difference in the
acceuracy of lonization enervgies for var-
ious igoelectronic series, the differences
are nol go great as to cause the rever-
gal of “goodness” of predietion lor the
(1 and T4 sequences, '"The second Tactor
is ruled out since in a given comparison
only one functional relationship is being
considered. Congeduently the variation
in. order is due to tho ranges of thoe
variables which were used in determin:
ing the coeflicients of the ompiricul
equations. For example, for the T.i ser-
ies the mean value of % ig 8,9 while the
corresponding value for the €1 zeries is
22.5; the mean value of Z7 for the Ti
zerieg is 0.14 while the corresponding
value Tor the (l serieg iz 0.048. Inclu-
zion of the sguare temus in each equa-
tion doeg hof alter the argument ginge
theso powers Dehave in the same manner
as the first powers.  The mean value of
the square of the deviations, d& ohbtained
with a leaat squaved procedure, is a funge-
tion of the variances of % and I [g,2
and «*], the covariance of Z and I
[oz,], and the mean value ol Z [Z]1 (ef.
Lindgren, 1960, for the definitlens of sta-
tigtical terms). The ountpui yilelds the
mean of each wvariable (in the statis-
tical sense) and the standard deviation
{#guare root of the warianes) of each
variable, as well as the sums (in Z'Z
matrix form) from which these guan-
titfes are dorived. In a curve fitting
procedure, these guantities- per se are
not useful ag eviteria for “sgocdness’” but
they may be used in caleulating other
quantiiles which arc useful. .

Ono such useful gquantity . is the eor- .
" pnees in yariable ranges,

relation coefficient, 1., The program
output presents (in. matrix form) the
correlation coefficicnt for each pair of
variables (in a =tatistical senge), p and
q. Tawry 2 tabulaies the corrclation co-
efficients between the ionization energy,
1, and the linear variable, 1, of each em-

pirieal equation, ¥y, and between I and -
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the quadratic variable, @, of each equa-
tion, Ty The absolute value of the cor-
relation eoefftclent itsell 1s not guficient
to make judgments, hecause the question
of gignificance of a partienlar cosfficient
is also relevant. However, significance
depends on the number of chservations,
but, sinece this factor iz eonstant within
a given isoelectromic series, some valid
comparisons can be made without speci-
fying the slgnifieance of the coellicient.
The magnitude of the coefficients is very
large compared to the usnal values
which are ohtained in typical statistical
problems, but the magnitudes ohtained

in this study are typical of those oh-

tained in other chemical studies (ef.
Feoley, et al., 1964).

The -quadratic term correlates hetter
in Eguations (3), (6), and (7); the
linear term iz helter in Egquations (4)
and (). The quadralic term is expectad
to be the dominating term in Equation
(3} sinec it is the leading term of Kgue-
tion {1}, Similarly, gince lguation (4)
contains terms threo, four, and five of
Equation (1), the linear term of Equa-
tion (43, which corresponds to term
tour of Equation (1), iz expected to he
the dominating term of Fquation {4).
One might expect that the best correla-
lioh in Hauation {4} would he to the
constunt term since i corresponds to

term three in Kguation {1), but that

supposition cannot be verified by the

. present lechnigue sgince the mathod of

calculation leads to an undefined r,.
The ecocflicients of the Tinear terms of
Mguatlons €3} and (7) arve identical
ginee Z,q differs from Z by only a con-

stant. On the other hand, a much higher .

degras of correlation jg obtained for the
gquadratic lerm. The lmprovement in-
dicates that I iz more properly a func
tion of Z.;; than of %,

A eursory comparison of the magni-
tudes of r,; for each empiriecal equation
leads io the same ordering which was
obtained  with

ment 6f Kquation (7) over Hguation (3).

the avecrage rooi-mean- .
“square deviation execept for the improve- -

Aguin, the ordering within the frame-

“work of a specified equation typeo iz of

little consequence- bocange of the differ-

The cortelation coefficient can be nsed
to pelect the proper wvariablos (in (e :

stalistical sense) with which to form
an cmpirical equation. For cxample, the
common method of Improving Bguation
(3) g Lo add the next twn terms of

IZguation (1), The present results indi-
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cate that a better eholce would be to add
the Lwo variables given by Bquation (5).
That i3,

1o+ ad + 8,2 +

a.{ln ) + a(ln Z)* (10}

would be a better choice for a five-par-
ameter empirical equation than the
choice based upon perturbation theory.
Fouation (10} could be further lm-
proved wlth the additlon of a gixth
purameter by substituting Z.. for Z
The average root-mean-agquare deviations
obtained after such a substitution would
not be the swame as those obtained be-
fore substitution since Equation (10}
containg termg which are not linenr in Z.

A apeculation ean ho made that Egna-
tion (10} wouald eorrezpond to the func-
tiomal form which a universal {in the
senge of fitting all  isoelectronic se.
guences) function relating Ionizatlon
energy to atomic number would take,
Althpugh inverse powsrg of Z corroctly
follew  from perturbation theory, the
pregent investigation indicates that per-
haps the wsual perturbation theory docs
ot apply to all isoclectronic sequences.
Certainly other phenomens are known
in which atoms of low and high ¥ he-
have in a diffcrent manner; e. g, the
reveradal of order of the 3d and 4z energy
levels with Increasing Z (Herzherg,
1944,

Scherr, et al. also used Moore's tables
a8 the source of their experimental ioni-
gation energies, Sinece the calculation
of ecorrvelation coefficients depends only
an the input values of the variables (in
an cxperimental gense), identical values
are obtalned with REguation (3) as
gshown in Fanrne 1. On the other hand,
agince their value of %y, differs and since
the guadratic term in Eguatien {7) cor-
relates in & different mannet than the
guadratic term in lquation (3}, values
of these correlation ecoeflleients were
calewlated and entered in Tanim 2, The
resnlts show that there iz perfect cor-
relation between I and the Z ferm
nf Scherr, of al. The result is not sur-
priging pince their parameter was chosen
to optimize Kguation (¥} through guad-
ratic terms and since there ig no lineur
term over which to spread the fit. With-
in rounding errors, correlation to the
Tinegar lerm is identical to that obtained
with Z. In these ecalculations a slight
rounding error leada to the improbable
value of 1.0001, Xo entrieg are given for
the guadratic term of the “experi-
mental” equation zince theve i3 no «
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priori way of determining the correet
independent variable (in the . experi-
mental gense),

The input data of Glockler was ob-
tained from tables hy Bacher and Gouds-
mit (1832) and from extrapolation of
their data, (Modern data may result
from experimental extrapolation but the
resulting  inadegquoacies are beiter dis-
guiged.) Correlation coefficients were
c¢aleulated from the tabhular data buf no
extrapolated values wére uzed. The per-
tect correlation for I¥ I results from the
tact that only two values of T were avail-
able. The regulls show less correlation
to the quadratie term and more correla-
tion to the Iinear term than in the pres-
ent investigation, If one assumes that
the quadratic term should, ag indicated
by perturhation theory, dominate the
equation, then the only possible comn-
clusion is inaceuraey In the older data,

The essence of the Choleski method
is to convert a problem of fitiing the
independent. variable to a fumetion of
the dependent variables (in tho etatis-
tical sense) to one of fitting the Inde-
pendent variable to a funetlon of ortho
normal polynomials  (Rushton, 1931),
The Choleski resolution derives, from
the B'Z malrix, a matrix T, The output
of the canned program yields the ele-
menta of T, The output also yields the
inverse of the T matrix. The elements
of the it* row vector of the Inverse mat-
rix are the cosficlents of the i*" linear
combination of Lhe independent wvari-
ables {in the statistical sense) which is
the it prthonormal polynomial.

"Mhe orthogonalization procedure is a
(am-Schmidt process (Courant and Hil-
hert, 1953). Therefore. the explicit form
of the orthonormal polynomials depends
upon the order in which the independent
variablea (in the statiztical sense) are
used. Thiz, in turn, means that the ele-
ments of the matrix and its inverse
which.is derived in the Choleski. vosolu-
tion are dependent upon tho ordoring of
the independent variables,

The rnexft guantitieg which are pre-
sented in the output are: the coefficients
of the representation of the dependent
variable as a funcetion of lhe derived
arthonormal polynonialz, I,; the square
of each of these ecoefficients, I,*; the ou-
mulative sum of the sguare of these
coefficients, ¥I;?; and fthe propertion of
the variance due to each of the Inde-
pendent variables in the order they oc-
cur, It iz clear that the coefficients
which give the best 8t depend upon

e ke
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the form of the orthonormal polynom-
ialg and, conseguently, upon the order
in which the original independent vavi-
ables are used. Thiz in turn implies
that any statigtical information in this
particular ocutput which depend: upon
the componenils of the resclution is of
little value. On the other hand, cumula-
tive or Lotal information bazed upon the
uge of all independent wariablez (in the
ptatisticul sense) should be invariant
with reapect o the order in which the
independent vaviables were usged.

For example, # can be shown thaf

Y — /L + kA {11)

where Y iz the matrix of the depcondent
variable, I, L. iz the matrix of the I,
coeficients, B ir the matrix of the ei-
rors between thae fitted equation and
the observables, and ‘ indicates the
transpose of the matrix. lach of the
matrix products in KEguation (11} id
2 1 x 1 matrix; i. e, each product
g slmply the regpective sum of
gguares. The product E'E is the quantity
1—=—n

= 45
i—=1
gquared, uded to calculate the quantity
D of Mguation (9). It wounld appear
that the swm of the deviations squared
can be obtained directly {from the out-
put by subtracting the cumulative 7,°
value of the last independent variable
(in the atatistical sense)

l1—=1
from the

i=—=1
ences ave given in Tanrm 2,

Dircet caleulation verifics that the dif-
ference wvalues tabhulafed for Hquations
(4}, (B), and (6) are indeed the sum
of the deviations zguared. However, the
values tabulated for liguations (3) and
{7) are, generally, nol equal to thes
gum of the deviations sguared which ars
obtained by direct calculation. The er-
ror iz net due to any crror in Hguafion
{11) but rather to less of gignificant
figures. Since output of this canned pro-
gram ¥ields all sums to eight significant
figures, une can be certain that the last

~flgure 7z unreliable due to rounding
errors. As hag heen shown, and will he
shown further, it iz possible that calen-
lation errors cause uncertainty in the
pentultimate significant fignre. It is this
lack of sufficient, reliable significant
figures which causes the difficultier in
obtaining the sum of the deviations for
Equations (3) and (7). For example,

the sum of the deviations

¥,* value. These differ-
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the direct caleulation nf the sum of the
deviations sguared for the Li I sequence
with Hquation (3) gives 0.0164, but the
eight significant figures of the output
are sufficient only to obtain the tenths
digit. The value tabulated in Tarcw 2 ig
0.0 which is correct to the fenths digit,

Since the I, are coefficionis of an ex-
pangion in orthonormal polynemials,
each 1,® ig the contribution of the i
degree of freedom (in the order which
the Independent, statistical variables are
taken) to the regidual I* sum of the
preceding i-1 contributions. . Farther,
ench £° depends upon the correlation
coeflicients, For example, the contriba-
tion of the gecond independent variabls,
1% ig given by
(12}
Clearly, the wvalue of I;* in the ountput
woild have been greater if the gquad-
ratic term had been given second since
I Trp. 1T one term of the expansion
dominates the expansion, and i that
term is listed first, its contribution will
be most of tho I* sum. This iz the same
type of information which was obtained
from the r, Values, Indced, in thig in-
vedtigation, the I* sum was more evenly
dispersed among the degrees of freedom
when Glockler's data were used than
when Moore's data were used.

Since most of the different ISGGIBG-
tronie series had a different number of
ohucrvables, the 4 sum 1z more JQiffi-
cult to mse than, say, the gquantity D.
However, the d* sum values lead fo the
game conclugions {when such values are
glgnifleant) as have previously been ob-
tained. T'hoe values listed under Scherr,
et al. with Z as the independent wvari-
ahle (in the experimental sense) are
the same as tliogo in the present Tn-
vestigation sinee the input data are
the same, No results are listed for
the “experimental” eguation sinee ho a
priori knowledge of the Independent
variable (in the eéxperimental senszo)
exigty,

Ag indicated, the ountpui shows the
contribution to the wariance of cach
degree of freedom which s represented
by each of the independeont variables (in
the statigtical senge). This distribution
is accomplished by converting each 1.4
to an estimate of a sample varlance lor
that term. The individual contributions,
being order dependent are of little use
in judging “goodness”. Conscquently, the
individual coutributions werc gummed
over all independent variables (in the

I = N ;2\718
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statistical sense). These values are
given in Tiux 3. The valued show that
Fquations (3} and (7} almest recover
the total variance. lguation (T} i
glightly better, thus reflecting the in-
crensed correlalion belween Y. and T
a2 compared to %2 and I. This particular
test puts Eguation (5) in a very favor-
ahle position and Mauation (6) in an
extremely bad posliion. Although the
numerical diffcrence between the tolal
proportion tor Hguation (3) and Equa-
tion {6) ig small, there is u definite in-
dication of the former being the hotter
eguation.

The values ligted under Glockler are
mislending. The number of poinis In
cach of these isoelectronic series im Tesw.
With such a gmall number, o g, w0
for F 1, the tofal variance is more easily
filted by eguations with few independent
variables (in the statizliecal sense). On
the other hand, the nearly perfect valnes
ligted under Scherr, et al, with 7, as
the independent variahie (in the oxpor-
imental sensge) truly veflect lhe “gocd-
ness” of their Z,., values as compared
to the Z..; values used in ihis investl-
zatlon. The reader should note that al-
though Glockler and Scherr, ot al. use
fitting equations whosa coelficiont of the
linear term ig zero, thig does not elim-
inate conlributions to the I® sum or to
the total variunpce by the linear term.
These contributions depend only on the
values of the Z'Z matrix and the #'T
matrix, i. e, on values which are de-
rived from the Input variable wvalucs.
In preparing comparisons to the prog-
ent wotlk, the contributiong of the lincar
term are always ineluded. By reversing
the order of the independent variables
{in the statistical senso) one could cal-
enlate what coantribution to the total
varianee is actually lost by Glockler and
hy Scherr, et al. in omliting the linear
term. From the previous discussion, the
omisgion, by Glockier, of the lincar tetin
in the. H I seguence iz more signiftcant
than the omisgdons by Heherr, et al.
Thue, with the Z.e; of 8cherr, et al. one

obtaing an equation which i essentiaily

linear in the guadratic tevin,

The next quantity which is caleulated
by the canned program ig the multiple
correlation eoeflicient (Baten, 1938}
This quantity iz similar to the correla-
tion coefcient which was previously
discnsged except that the multiple coi-
relution coefficient correlates the depend-
ent wvarighle to two or more of the in-
dependent variables (in the gtatigtical
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gense). In the present invesligation,
there are ouly two independent vari-
ables (agide from the weighting fac-
tor) which means that only a trivatiate
corvelation coefficlent, Rp g, I8 needed
1o represent the eorrelation hetween the
dependent variable and all of the inde-
pendent variables. The square of this
quantity, R,:s% i2 labulated in Taptm
2. The gulput of the Choleskl program
actnally Hals the squarve of the mnltiple
correlation coefficient ag each independ.
ent wvarlable iz added. Therefore, the
firet value which 8 tabulated is simply
12 which ean he obtained by squaring
the valne of v, If the independent varl-
abled had been in some order other than
that specified by HEguations (3) through
(7). the firet value given in the outpnt
would have heen the suuare of a dif-
forent bivariate correlation coefficient. -

An analyels of Ry ,;¢° yields the pame
information on ‘“‘goodnesg” whieh has
heen oliained hefore, The ordering of
equations is the same as with all other
eriteria, but this particular criterion is
anolher one which docg emphasize the
“poorness” of MWguation (). On the
other kand, this critarion iz not as sen-
gitive ag others in ordering the various
ignelecironic sequences uslng one par-
tieular eqnation. Thix failure i due
not only o the fact that the output. of
the canned program vields R, 4° to only
four decimal places but that other, dif-
forent methods of ecaleulation from the
ontput indicate that reliance can only
be placed upon the first five deocimal
places. For example, a direet ealeulatlon
nging the values of the bivariate correla-
tion cocfficients given in the output
vields, for Ti T with Eguation (3),
Ty f = 090899062, It can he shown
that the trivariate eovrelation coefficient
ig alsa equal to the sum of the propor-
ticns of variance given in Column 6 of
Tapr® 2. Thus, for Li I with Konation
(3, R, = 0.95589008s. These two
methods of ealeulation show that re-
liance can only be pluced upon the first
five decimal places.” Thiz conclusion is
sufcicnt te show that one cannot nze
Ry ;5 from this ountout to sort the wvar-
ions isoelectromnic sequences according
to “goodnesy’” for each of the cquations
which were. lested. :

The values of Ry for the work of
Clockler and Scherr, et al, are also qite
cloge ‘to unity. In fact, the valuos fov
Scherr, ot al. show periect multiple eor-
relation. Once again, though, the values
ohtained with Gloekler's data indicate
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some experimental error in the data.
These very high valnes of Ry 3% con-
tinue to indieate that one must he able
to obtain these multiple correlation co-
efficients to a higher degres of ACCULACY
or must rely on an alternate criterion,

To econtinually encounter stalisticy
which are so close to the lim{ting values
of the statislics canses one to pauge to
consider g mcthod of obtaining statigtios
away from their limiting values. IPer-
haps one might he reminded of the taclh-
nigues used by Seatehard (194%) to
find the functional behavior of the non-
ideal properidles of solution by first suh-
iraeting the theoretical idenl bahavior
from the experimental observable, Then,
gince Z* appears to ba the variable which
contributes the most in each of tha 4ta-
tistical studies, one might define a new
dependent variable, I - a%* Then the
reviged equation could then be tested
by the fechniques which have been out-
lined. One would oxpect to find that
quantities such as B, ;2 und total pro-
portion of varianee would not be so eloge
to their Mmiting values. Howevey, the
values might still be quite high con
pared to values obtained in other stu-
tigtieal studies, e, g, some beychoiogical
studies or perhaps 1.Q. as a function of
height. This conelusion is indicated hy
the many bivariate correlation cootfie-
fents obtained in this study which have
exceaded 0.9,

The real problem in oreating o now
dependent variable, I-aZ? is the choice
of the coefficient #. That is, placing the
Z® term with the dependent variable
assumes that one knows precisely its
contribution. Therefore, the redefined
problem would no longer he guscaptible
te & golution wherein all contributions
of Z would be ohtained under a least
sguares criterion. Such comaments have
already heen made concerning the ro-
sults of Seherr, et al. and the H I re-
sults of Glockler. That is, only Column
2 of Tartk 2 can be used to judge
“gondness” of a fitted equatlon which
is not obtained nnder a least squares
criterion, The experimenter’s dilemma
is cleary either creatc an equation - for
which many statistical tests are wot sui-
ficlently sensitive or create an equation
with @ prieri knowledge inserted by the
experimenter.

The final columin of TasLe 2 tabulates
a statlstical quantity which is sengitive
enongh to distinguish between equations
containing high degrees of correlation.
Thig guantity, ealied the estimated wvar-
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iance of I or, symbolically, & (also
called the sample standard error of eg.
timate or sample standayd crror of pro-
diction), is an unhiased x*estimate of
o, the variance of I shodi the regres-
glon curve (Pearson and Flartley, 1558},
The canned program obtains an s* valua
alter each wvariable (in the statigtical
sense) is added. Like many of the pre-
ceding quantities, the stepwire g* valyes
are dependent npon the order in which
the independent variables (in the sta.
tistical sense) are taken. Since the lagt
value provides an estimate of the var-
iance of I after all independent varighles
are added, it iz not order dependent,
Thus, it ig thig final value that is tah-
ulated in Tawrw 2.

The estimated variance of T i rpe-
lated {o the population standard error
of prediction (also called the papulation
standard error of edgtimats), o2 hy

N
7,
N-K

where N is the number of observations
and K iz the number of independent
vartables (in the statistical sense) in-
cluding the statistical weight, The quan.
tity e.° iz precisely the gquare of the
duantity (Deviation),,, which 1s used
in Bguation (9) (Baten, 1838). That ig,
o 18 simply the mean value of the

3 =

o (13)

_square of the deviationsa.

The s* valuss give anproximately the
same Information as the Percent Aver-
age Deviation; e, g, the ordering of the
various equations is Dbrecigely the same.
But, there are some individual varia-
tione concerning the ordering of isoelec-
tronie seguences within the framework
of single test equations. For example,
the H I series best fitg Equation (%)
if one uses the criterion of Percent Av-
erage Daviation but is only the third
hest it if 4* is nded as a eriterion. The
differences oceur because the dependant
ohservables of some test series have a
very largo magnitude compared to the
eorresponding values of other test ger-
ies. The Percent Average Deviation re-
flects this information while 8* does not,
For this reason alene the guthars prefer
Percent Average Deviation as a criter-
ton. On the other hand, it is readily ap-
pavent that either criterion satisfactori-
ly orders the test eguations, thus one
might argue that differences within the
Tramework of a single eguation are not
significant enough to warrant their use
in jndging “goodness”,
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Since several different atatisties have
heen considercd, the question arises as
to.the significance of the varvious sla-
tigtied. Perhaps glgnificance can hest he
explained by the following cxample.
Suppose that walves of ry other than
the predicted value occur in 1% of a

gample of o given population; 1. e, the -

predicled value occurs in 89% of the

measurements. Now guppose that values

aof 1, ofther than the predicted value
oceur in 5% of the measured sample. In
the language of statigtics, the r,, values
occurring 999 (99 percentile) of the
time or at the 19 level are mors siz-
nificapt than the rig values at the b%
level

The canned program caleulates, aflier
the addition of ocach indepemdent vari-
able (in the statistical sense cxcluding
tho weighting vwvariable), an J'-ratio
{Pearson and Hartley, 1956) from which
one ean evalnate the significance of the
bivariate and multivariate correlation
voeflleients. Tn thiz investigation, the
value of the hivariate correlation coef-
ficient, 1,,, and the sguared valune of the
multivariate correlation coctficlent, R
i are listed in Tamim 2. The IJrratios
corvegponding to each of these correla-
tion coefficients, Fr, and Fpq vespec-
tively, are given in Taerm 3, The outpul
format of the propram is sneh that any
value greater than 9.99%99 x 10% is con-
‘wldered as infinity, For purposes of com-
parison these values have heen ealcu-
lated directly and are given in Tasie 3
in square brackels. The output F values
were compared to F valuea listed in
tables given by Dixon and  DMassey
{1957). The groatest level of wsignifi-
cance indieated by their tables is at the

1.05% level. The percent levels are also-

piven in Tanoe 3. The results show that
all multivariate correlaiion coefficients
obtained in this study are highly sig-
rificant. .

Formally the Fratlo tests a noll hy-
pothesis, In this particular cage, the -
ratlo tosts whether the dopendent vari-
able is uncorrelated to Lhe independent
variables, i. e, R = 0 (Andorson, 1858).
If the ealenlated F-value exceedd the F-
value tahulated for an upper o% level,
then the null hypoihesis is rejected at
that % level. The Implication
follows thai the higher the «% level at
which the null hypothesis ig rejectad the
more highly corvelated are the variables,
An alternate approach would be to test
directly the hypothesis that variahles
are correlated but that test; would in-

then .

volve a much nore complex probability
digtribution containing a confluent hy-
pergeonetric funetion for which com-
parison tables are not readily available.

Althongh the caleulation of the F-ratio
essentially involves the evaluation of the
gquantity (R#/1-R%), the ecalculation is
sguivalent to finding the ratio of the
gum. of gquares due to the independent
variables (excluding the weight) to the
rasidual sum of squares. Consoquently,
an alternate statement of the null hy-
pathesig is that there iz nod significant
difference between the two sums. He-
jection of tho null hypothegis in this
form indicates that there is g significant
diffcrence between tho value of the de-
pendent varfable as predicted by fhe re-
gression carve and the value as pre-
dicted by its own mean valuo. The im-
portance of testing the significance of
E is made clear from statistical theory
which shows that it s the only quan-
tity which -is lnvariant with respect to
changes of location of the variables, to
changes in dcale of the dependent vari-
ablg, and to mnon-singular transforma-
tions of the independent variables {An-
doraon, 1958). - )

Tsuully the F-ratio iz wvsod only to
determine lovols of gignificance, hut with
care It mav he used to judge “goodnesg”
(Hoppesch, et al, 1961). Caution must
be uzed here to assure that only those
F-ratiog which have the same degroos
of fresdom are compared. For examnple,
in -comparing Pereent Average Devla-
tion, it was possible to obtain am aver-
ape value for all geries wiih each single
equation and ecompare the averages,
With the W-ratio, it ig only possible to
compare the F-value of each 1soelee-
tronie series with each gguation. If this
ig done (with- elther F.; or Fri),
the same- ordering of eguutions Is ob-
tained ag with the other eriteria. The
ineorporation of the degrees of freedom
into the judging eriterion removes the
uneortainity which was mentioned in
the discussion of ry, and v, The prob-
lem still remaivs as to what F-value is
so large as lo be ecalled infinity. Obvi-
ously hevond g certain upper limit, there
i no meaning in comparing two F-
ratios. : '

In a like manner, within the frame-
worlt of a single equation, one can com-
pare varicus isoelectronic series if they
have the same degrees of freedom. In the

pregent study, Li [ and Cl 1 form a pair

jand © I and ¥ T-form a pair since the
“+wro members of each pair have the same
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number of observations as well ag the
same number of indopendent variables
{iu the statistical sense), Comparison of
the F-values of each member of a pair
within the framework of each eguation
leads fo the same general conclusions
which have heen ohtaincd previously,
In one instance though a comparvison of
nearly egual values of ¥y, led to a
roversal of the ordering obtained with
Iy However, the criteria aro not gtriet-
1y comparable sinece onc guantity deals
with a bivariate relationship while the
other deals wilth a trivariate tolatlon-
ship. This small dlscrepaney emphasizes
the danger in trying fto make all com-
parizong absolnte 'That iz, a comparizon
of two numbers suel as 1145 and 1342
may mean no moro than the two quanti-
ties have cqual “goodnags”.

The values of infinity of Fy, and Fi 1
shown under Glockler in TATLE 3 result
from the limited number of experimental
points which were used to make the cal-
culation. For exampla, only three points
wore available for F I and C1 I, These
three points exaclly defined a quadratic
curve and, hence, led to an Ry, value
ol 1L.000 which, In iufn, yields a value of
infinity for Ty, If the extrapolated
values of Glockler hiad been available it
Is likely that a lavge but not infinite
value would have been obtained. On the
other hand, the values of infinity shown
under Scherr, et al, in Tavir % resuli
from round off errors, i. e, to within the
number of significant figures which wero
used, the error sum of sguares was
zaro,

This Choleski program alzo calenlates
values which allow onc to assay the sig-
nificance of the coefficients of the Tnde-
pendent variables (in the =stdatistical
senze and excluding the weight varl-
able)} which have been obfained in the
study. The statistical test which is used
ig the two-lailed t-test (Pearson and
Hartley, 1956). The Student’s t-value for
@, t;, and the Student’s t-vulue for a,
iy are given in Table 3. During this
test, the program caleulates the peveent
level of sipniflcance of the Student’s
tvalue to lwo decimal places which
aliminatos the need of any table look-up.
These levels of smignificance in percent
are also given in Tapwr 2, Corresponding
valuey for the equation of Fockler and
for the ognailions of Scherr, et al. werc
calenlaled with the availahle data. No

" eniries are posted for the Glockler se-

quences for which the numbher of data
points oguals the number of unknown

Transactions Iliineis Academy of Science

coeflicients. Then the fitted coeficlents
would ench have t-values of in(rity since
they could contain no error. However,
this type of high significance is not com-
parable to the other values of the fable.
Also, no values of significance are given
tor the Mnear term of the H I geries as
calenlated by Glockler or to the linear
term in each of the equations in effective
nuclear charge which were obtained by
Seherr, et al. In these cases, the co-
efficient wag asgsumed to ho zero and, in
the calenlation. procedure,
efficient would lead to a zero t-value
which would Indicate no significance at
all. Onee again this type of signifcance
is not comparable to the other values
given in TapLe 3, ¥or the T4 I sories
with Fquation (7), the round olf within
the program yielded a t-value of zoro,
Therefore, for comparison purposes, this
value wag caleulated directly and entered
in Table 3 in brackets. The entrics in
Tanre 8 indicate a high level of sig-
nificance for ench cosfcient except a, of
the H T serics wsing Bouation (4). Thig
one exception lx explained by the tact
that the fitted walue is cloge to zero
which indicates a high probability of
fluctuation about the zero value predict.
ed by Quantum Theory for hydrogen-like
species.

As with the Fratio, the i-test may be
uged to judge “goodness” if ome eowm-
paros only those guantities with egual
degrees of freedom. In gencral the con-
clusions arc the game as the conclusions

Arom the comparisons made with the

F-ratio. One distinet difference though
occurs with the t-fest wvalues for the
Hnear term of Bquation (7) with each
isgelectronie serieg. These values are not
glmilar to the valney obtained with Equa-
tion (3) although one would have
guossed that the same reliability would
have been obtained in the two cases sinee
the transtormation to %, is linear. The
only apparent explanation seems to he
that the Ilinecar combination leading to
the linear term of BEquation (7) leads to
an &, value which iz smaller than the
corresponding  eoefficient of Jiguation
(3). Since the coefficient appears in the
numerator of the f-test ealenlation, the
t-value is aldo smaller unless the error
sum of squares is ulzo zmaller, but the
resulis on Pereent Average Deviaiion
show that the error =um of squarcs is
not smaller. Apgain, ag with the Furatio,
(he improvemant in the reliabillty of the
quadratic term with the use of Z,., is
minimal for ¥ 1, Na I, and Cl I. Thig

a Zero co-
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fact impliea that the Slater & values are
not very good eholces for obtaining %, .
However, the ¢ choice of Schorr, et al.
leads 10 o greater improvement in com-
paring the guadratic term of Equations
(3) and (7) for F I. Thereforc the dif-
flenlty may be in the input experimental
data rather than the choice of 5. An ex-
aminaltion ol the t-values also does not
show Houalion () to e mueh hetter
than llgnationsg (4) and (6) as has heen
true with some of the other criteria.
The t-listrbution may be used to es-
tablish confidence limits on the coeff-
cients of the indepondent variables {in
the gtatistical gense) (1Mxon and BMas-
sey, 1857). The method compels each
experimenter to judge at what statistical
level he wishes to establish the cond-
dence limite. This element of variability
plug the fact that the goalz of this in-
vastigation were concerned only with

“goodness” of the various equations and -

not the detaild of the eguations dictato
the omigsion of any tabulalion of con-
Adence Iimits. Howevor, for the PUrpoOse
of illustration, a direct calculation shows
that at the 1% level the errors in #. and
ay for Li I with Equation (3) are 0.02%
and 000074, regpectively.

The ouiput provides the researcher
with one check on the errors which oo-
cir during the processing of the data.
This Is done by lsting the maximum
absolute difference between the original
Z'Z matrix and the Z'7 matrix which is
ohtained upen finvorting the derived
(Z’Z} matrix. In this investigation, the
numerieal checks verify the conclusions
which have heen drawn with refarence
to the =ize and range of the variables
which havo been used.

Finally, {here ig one other mothod of
testing “goodncss” which wust, if pos-
gible, be nsed by the appiied mathema-
tician, That criterion ig the comparizon
to experiment, The enhglitution of =
Z value one Jess than that of the nentral
atom for which the isoelectronle geries
ig named yield: the electron affinity of
the atomic specie represented hy that %
value. The results are tabulated in
Tanne 4, For comparison the valies oh-
tulned with the equations of Glockler,
the valueg obtained with the truncated
versions of the equations of Scherr, et
al., the values oblalned with the final
equations of Scherr, et al., and 1he avail-
able experimental valucs are algo given
in TawTE 4.

The hazards of this extrapolation pro-
cedure are digcussed by Seherr, et al,

Transactions Hlinols Academy of Seience

and their references. As a result of these
hazards, comparisons made to resulty
from other workers may shed a8 mnch
light on the value of the present eqna-
tions as the direct comparison to experi-
ment,

The electron aMunities ealculated from
Fquations (8) and (7) are essentially
the game, These values are wniformly
too low when compaved to the experi-
mental valmes; and, in fact, the stability
of He-, -, and O- iz incorrecily predict-
ed. However, the same is true for the
values from the fruncatod equations of
Scherr, at al. The present results though
are closer to experimant than thege trun-
catad resilts of Scherr, et al. The ex-
planatlon of these differences iz simply
that Scherr, st al. depend upon the extrn,
terms in their final funetion to correct
thig  dizerepancy whereag the least
squuares method attempts to accomplish
the correcilon by the method of fiiting.
The Tact that the resnlts of Eguations
(3) and {7} do not aprec as well with
experiment as the final results of Scherr,
et al. indicates that FEquations (3) and
{7) have ingufficient independent wvari-
ableg (in the slatistical sense).

Equations (4}, (5}, and (6} yiell
¢lectron affiniiies which deviate widely
from the experimental values. Tho large
discrepancies emphagize the magnitude
which the statistical quantiiles must ag-
sume in order to have meaning for the
chemial. For example, the valuc of R s
0.948, which was obtained with Egqoa-
{ion (A) for Na I iz not close enough to
mnity to indicato that the equation will
yield good electron affinities. That s, the
technigues which have heen discussed
are ot Lo he dizmissed as useless, but
they musi be vicwed in terms of a de-
{ined frame of reference, 'fhe comparison
to experiment eglablishes that frame of
reforence. In fact, for Ne- where no
experimontal data is available, the sta-
tistical criteria are the only criteria
avallaile. Further, the statistical eri-
terin vield information concerning the
individual degroos of freedom (the in-
dependent stavistical varighles) which
are nol obtainable in the comparigon to
experimaent.

The percent deviations of the predict-
od electron affinitles are grealer, with
eacll eqinalion, than the Percent Average
Deviationg which are given in Tarik 2.
This can be explained by an examination
of the individual deviaflong of each
Isoelectronic series with each egualion.
Firet, considered as 4 function of Z, none
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of the deviationg within each isoelec-
tronic series are ecompletely random,
although those of BEgaations (3) and (7)
approach randomness. Second, the devia-
tiong for the predicted values of the
firgt member, Z,, and the last member
Z., of cach isoelectronic serles are very
large compared to the mean deviation.
Comhining these two facts, one conelud-
ed that an extrapolation to Z,41 or
Zi—1 will lead to a predicted wvalue
whose deviation from the expected truo
valne iz greater tham any of the other
deviations of the prodicted values of the
geries members from their truo values.
This eonclugion suggests the pogsibility
that lack of sufficient and/or pood data
ig responsible for the inability of a least
squares procedura to provide a quadrat-
ic fit which ean adequately reproduce
experiment.

Vor the convenfence of the reader, a
sample of the cutput is given in the Ap-
pendix. Each step of the sample has an

309

seeompanying explanation. The sample
i for the Li I isoelectronic mequence
using Bquation {3}).
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