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Apstracr-—A simple mothod of deriving the 1/Z expansion of the Hartrec-Fock
equation by using the properties of determinants and the orthonormalities of spin and
spacc 13 described. The method consists of an clementary derivation of the energy ex-
pressien and subscquent variation of it using Lagrange muluplicrs. it can also be
used Lo derive the regular [resiricied or uaresiricted) Iartree-Fock equations.

Tn recent years, the usefulness of the 1/Z expansion perturbation
method for caleulating atomic wave funetions and enervey states, and for
predicting atomic properties has been widely explored (ITirschfelder, I3roswn
and Hpstein, 1964; Dalgarno, 1962). The method involves use of the
perturbation paramceter, which is the Inverse nuclear eharge Z. Tt has
the advantage that ali members of an igso-electronie sequence may be treated
simultaneously. PFurthermore, it also provides a convenient basiz for com-
parison with similar expansions eorresponding to the non-relativistic many-
electron Schrédinger equation. The zeroth-order equations of this method
are satisfied by hydrogenic wave-functions and energles; the first-order
perturbed equations using this method have been soved for a mumber
of svstems either variationally (Dalgarno, 19603 or in terms of infinite
sums of Laguerre funetions) Linderberg, 1961; Sharma and Coulson,
1962). For predicting many atomic propertics, the celeulations are very
simple using this method, convergence is rapid and results are comparable in
accuraey with those of the Hartree-l'oek approximation. The 1/Z expan-
sion method may be developed further to yield results saperior in aceuracy
to those of the Hartree-Fock approximation, It is woll known that the
Hartree-Iock approximation hag playved an important role in the develop-
ment of theories of atomic structure, Its quantitative application lcads
to a set of eoupled integro differential equations, speelfic to the partienlar
atomie system under consideration, which can be solved only by lengthy
numerical technigques. If we apply the 1/Z expansion method to the
Iartree-Fock equations, it Icads to sets of uncoupled ordinary differen-
tial egquations, specific to the particular electron shell rnder consideration.
which can be solved cxactly in analytical form. For this reason, many
calenlaiions have been done by this method in the last few years (c.g. Cohen
and Dalgarno, 1961, 1963a, 1963h, 1964, 1965a, 19657, 1967; Selwartz,
1962 Coulsosn and Ilibbert, 1967 ; Stewart, 1964; Sharma, 19621, How-
ever, no detailed derivation of the 1/Z expansion eof the Tlartree-TI'ock
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equalions has been shown in any of those papers ov in any standard quan-
tum mechauies textbooks escept perhaps lor o very brief deseription of
the standard proeedure of the derivation. The purpose ol the present
note iy to show that a simple method of derivation can be obtained by usinge
the properties of determinants, spin orthenormality and space orthenor-
mality.

NoraTioN

Tu order to illustrate the procedure, let us consider the case of the
restricted Tlartree-ock wave function for a 1s*2p2°p state of exeited
lithium atom by using the following notations:

§(i) : 1s orbital with s« spin for the ith electron.

§(i) : l= orbital with E spin for the ith electron.

£,{i): 2p, orbital with s spin for the ith electron.

P,{i): 2p, orbital with # spin for the ith electron.

U(ri}: the radial part of the 1ls orbital for the ith electron.
Y:Eﬁi,¢i): the angular part of 12 orbkital for the ith electron

which is equal to}I%

V(ri): the radial part of the 2p, orbital for the ith electron.
Y;(3i¢i): the angular part of the 2p, orbital for ith electron

which is equal ton% cos Ei'

so the total wavefunction for the 1s orbital with = spin for the ith

— e o = l
electron can be expresged as B = Yo(»i,¢i)U[ri)ui =I U(ri)ai, and
the space part of the wavefunction is §(1) =JT% U(ri). Similarly,
. @ s 3
f,(l) = Yl(Ei,uilv(ri)ai =ﬁz% cos eiv(ri!ui and P, (i) ﬁfg; cos BiV(ri}.

The inwverse interelectron distance, ;;~ , can be expressed as follows
i
{Eyring, Walter and Kimble, 1947):
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We define the following integrals:
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The above reduces tog

iy 1, t2 -
|s(1)YB, (1)) =/3-_”- Yy (Egpt o) }-g I, riU(rl}v(rl)drl+r2fr2U{rl)V(rl)drl]

gince the spherical harmonics form an orthonormal set, i.e.
21w m* ! . N N
o ]uyi (ﬂ,ﬂymk.(e,ﬂslnedsdqu = f kP m,m

(siz)s(2)!s(1)p, (1)) = <s5(2)8(2) =5 W)p, (1)>
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T2t

.. ¥y (8,50,)8in0 a8 48, = 0,
r‘I'T 211 [+
becaunse ', Yl(ﬂz,vzlsin82d02d$2 = 0 therefore the integral vanishes.
In general,

o«

| sP.) _%:: l (@ ¢}f——-; ® U{x)v(xjdx + r IU(X)V(x)dx}
r

(ss8;8P,) = 0 and (P,P,|SP,) = 0 due to thc orthonormal property of

the spherical harmonics.
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x{i Jr 3U[x)v(x)dx + vl Ux)vix)dx r dr.
r


















Pan—1/7 Expansion 127

ACENOWLERGMENT

The author would like to acknowledge belpful discussions with Dr. A. Golebiewski
of the Department of Theoretical Chemistry, Jagiellonian University, Poland and Pro-
[essor Y. N. Chiu ol the Catholic University of Amcrica. He also wishes to thank
Dr. Dennis Sardella of Boston College for reading the manuseript,

Daraarno, A, 1960. The Correlalion
Fnergies of the Hellum Scquence.  Proe.

Couen, M. and A. Darcarvo. 1951, Phys. Scc. {London). 73: 439-440:
Stationary Properties of the Hartree- ——- . 1962,  Atomic Polarizabili-
Fock Approximation. Proc. Phys. Soc, ties and Shielding Factors. Adv. in
{London}, 77: 748-750. Phys. 11: 281-315,
: - 1963a. An Expansion Meth- Himmscersiner, J. O., W. B. Browxy and
od for Galculating Atomic Properties 111 8. T. Epstemn. 1964, Recent Develop-
The °8 and *P° States of the Lithium ments in Pertu-bation Theary. Ady.

Literarury, Crrep

Sequence.  Proc. Roy. Soc. {London) Quantum Chem. 1: 255-374.

A275: 492.203, Evrinc, H. J. Wavrer and G. E. KrMpesLL.
- 1963b. On the Orthogonal- 1947. Quantum Chemistry. John

ity Problem for LExcited States. Rewvs. Wiley & Sons, Inc., N.Y. XXV + 432

Mod. Phys. 353; 506-508. pp-

~w——. 1964 An Expansion Meth- Lisnereerg, J. 1961, Perturbation Treat-

od for Calculating Atomic Properties ment of Hartrec-Fock Equations. Phys,

IV. Transition Probabilities. Proc. Roy. Rev. 121: 816-819,

Soc, (London) AZ80: 258-270. Scuwartz, C. 1952, Importance of An-
-, 1966a. An Expansion Meth- gular Correlations Between Atomic Elec-

od of Calculating Atomic Properties. trons., Phys. Rev. 126: 1015-1019.

VIIL. - Transitions in the Hartree-Fock Srarma, C. 5. and C. A, Coursen. 1962,

Approximation. Proc. Roy. 8oc. (Lon- Hartree-Fock and Correlations Energies
for 1s2s S and '8 States of Helium-Like
Ions. Proc. Phys. Soc. (Londen), 80:

81-96.

— . 1962a. A Perturbation
Treatment of the Unrestricted Hartree-
Fock Equations for the Ground State of
Lithium-Like Tons. Proc. Phys. Soc.
{Londen) 80: 839-848.

. 1868. On Hartrce-Fock In-
tergro-Differential Equations for Atoms,
Proc, Roy. Soc. {Londen). 304, 513-330.
1964. Om the Z7%/* Ex-
pansion of Unsestricted Hartree-Fock
Wave Functions. Proc. Phys. Soc. (Lon-
don). 83: 1033.1037.

don). A293: 359364,

— —~ —. 15966b. An Expansion Mecth-

od for Calculating Atomic Properties.
IX. The Dipole Polarizabilities of the
Lithium Sequence.  Proc. Roy. Soc.
‘London} A293: 365.377.

— . 1967. An Expansion Meth-
od for Calculating Atomic Properties.
X. 15 'S-Isnp'P Transions of the Helium
Sequence. Proc. Roy. Soc. (London).
A301: 253-260.

Courson, C. A. and A. HrersrT. 1967.

Z7/* FExpansion of the Unrestricted
Hartree-Fock Equations for the (ls)
{Is'} 'S States of Helium and Helium-
Like Ions. Proc. Phys. Soc. {London).
91: 33.43,

STEWART, A. L.

Manuseript received August 10, 1969



