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maximum and is vsually much less.
[ffects due 10 conpling between 2T
and 23 states arve lkely to be smaller
than for atowie hydrogen owing to
the larger encrgy differences, The
erogs-section for cxeitation of ihe 2p
state of hydrogen by electron im-
pact, calenlared by Khashaba and
Massey  {Kbashaba and Massey,
1938 using  the exuetly  siwilar
DWW 1.0, method, is in consider-
ably closer sgreement with the oh-
servations of Fite and Trackmann
(Fite and lirackmann, 19553, Ou
the other hand, in the hrdrogen ease,
the atomic wave Tunctions are ae-
enrately known and uno account has
to be taken of the coupling between
T and 2P states, Tt is diffienlt to
judee how importiant these two lac-
tors are. T is also difficult to esti-
mate the acenracy of Massey and
Moigeiwitseh’s results with any cor-
tainty breanse tlere are ineongisten-
cies in the cbserved data. In any
case, one world have expected the
DAW.B.O. method to give very sood
results if the eoupling hetween the
motion i the initial and final states
g weak.

Trie METIIOD O
TsrrgraL BouaTtioNs

The wethod of integral equations
had been developed by Drukarey
(Drukarey, 19537, Using this meth-
od, the exeitation of the sodium atom
by slow elestrons has been calen-
latedd (Veldre, 19563, Tu this eal-
eulation euly the s-wave of the inel-
dent beam was faken into account,
For a eertain value of ineident olee-
tron energy the exchange and strong
conpling have been included. The
elastic seattering of slow clectrons
by lithiume atoms with the inclusion
of exchange was

calenlated by the

Drukarev  approximation [ Veldre,
Gailitis, Damburg and Stepinsh,

- ! . D. " -
1956), Tu the weident beam only

the s-wave was taken into account.
The question of the choiee of radial
wave funetions of atomie clectrons
was investigated (Veldrs, 1959) and
it was shown that the behavior of
the radial wave funeclion near the
zern does wot have an important in-
Muecrnee of the magnitude of the ef-
fretive eross-section, Tn the inclas-
tie enses the main advantage of the
method of ntegral cquations Js that
il van obtain analytieal expressions
for the desired atomic wave fune-
tions of different stafes for all w,
and not wmerely their agympiotic
lorms, This feature can be used to
obtain appropriaie clasges of varia-
tiow finetions assoeiated with the
calevlation ol clectron scattering by
variational methods. Matora (Ma-
tora, 1060% applicd the Drukarev
method  to caleslate the elastic s
seatteriog of electrons and the ex-
citation funetious of the 298 and
2:8 states of helium by electrons
with enereies from 0ty 10 V. How-
Masgey  and  Molseiwitseh s
{(Massey and Moiseiwitseh, 1954 ve-
sult for 258 caleulatod hv NW.B.O.
methods corresponds more elosely 1o
the experimental data than the re-
sult obtained by Matora using the
method of Integral equations. Dam-

burg el al, peinted ont that the
method of integral eguations has
glow convergenze, The effective

erogs-section for the elastic seatter-
ing of clectrons by hydrogen atoms,
caleulated by the second approxima-
tion of the method of inte eril equa-
Liong, agreess with tle oﬁ'ccti\e UPOSE-
seetion  culenlated by the  sceond
Born approximation. However, cal-
culations by the second DBorn ap-
proximatien  arve less complicated
than the method of intesral equa-
tioms.
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Magsey and Moiselwitseh’s (Massey
and Moiseiwitsch, 1953), Khashaba
and Massey’s (Khashaba and Mas-
gey, 1958}, and Massey and Moigei-
witseh s calenlations (Massey and
Moisciwitsech, 1960) are determined
by Hultken’s and Kohn's wvaria-
tional methods, The results obtained
have been encouraging. The gener-
alization of Hulthen's variational
method to the inclastie scattering of
electrong by atoms was first derived
by Moeiseiwitsch (Moisciwitseh,
1951) by using the integral T, —

¥*(H-E}¥dr where H s the ham-
iltonian of the system. The eomplex

parameters a, d, ¢, . . . .. ¢, in the
trial funetion are determined
through the conditions
Ly=20 {5)
a]—"t k1 a]—Jt
— 4+ 28 —d¥* — =0 (6)
Da k on
aTJt
-— 0, {i=1, ... .. nj {7)
o183

where Ly — §¥*(T-B)#dr  (8)

and a anc d are complex. In con-
trust to TTulthen’s variational meth-
od applicd to the elastic (Moisei-
witsch, 1953) scattering of eleetrons,
the condition L—0 does not imply
that a—0. A dorrection to the par-
ameter may be obtained by consid-
ering the Integral

I == §W(H-B)var (9)
For it cau be shown that
8L’ == darkés (10}

therefore the corrected value of the
parameter a 1= given by

A —a— L7 /4xk (11)

This variational method ean be ex-
tended to ineludz any order partial
wave, and excitation to any state of
the atom. Massey and Moiseiwitsch
(Massey and Moiseiwitsch, 1953)
first applied this method to the cal-
eulation of the 1s-2s electron exei-
tation ecross-section of hydrogen,
Their resulls are qualitatively more
in aecord with those of the accurate
numerieal method of Marriott (Mar-
riott, 1958} than either of the other
methods. The poor quantitative
agreement iz probably a conscquence
of the use of an over-simplified trial
funetion in the variational caleula-
tion. Tt is apparcut that this varia-
tional method does not require the
coupling between the motion in the
initial and final states o be weak
and the results ol this method are
hetter than those of other approxi-
mations. However, the great diffi-
culty in applying this wvariational
procedure is the complexity of the
caleulations invoived even when us-
ing the simplest trial functions. For
this veason, in Massey and Moisei-
witseh’s ealeulation of the 152
cleetron exeitation ¢ross-section of
hydrogen, detailed numerieal work
was confined to trial funetions of
the form

f.—=Sinkr + (A - ber)

(1 — &) cos kr (12)
f, — (1 —e}d exp{il,r)  (13)
b being the additivnal wvariable

purameter. These wave funections
suffer from the defect that they do
uot allow for mixing between the
incident and scattered waves, Hven
for such over-simplified trial fune-
tions the analysis involved, is very
extensive and the determination of
““a’" from the equations (5) to {7)
was guite involved.
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Hrecrrox-MoLioony
{COLLIBION DPPROBLEME

Althongh the svattering of slow
eleetrons by atoms has heen exten-
sively  studied  theoretically, com-
paratively litlle theoretical work has
been done on the elastic and inelas-
tic scattering ol slow electrons by
diatomic or poivaltomic molecules,
This ts undoubtedly due to the math-
ematical cotuplexity of the problem.
Wo caunol apply Born's approxima-
tion, beeaunse it s least reliable in
the low cnergy domain, Thus we
have to solve the Schridinger equa-
tion for the incident cleetron direet-
Iy. This problem s faivly gimple
in the ease of atoms ou avcount of
the sperieal syinmetry of the poten-
tial field, but in the case of mole-
eriles, the molecular potential (foreed
ig ot gpherieally symmetrie, so the
Belirddinger squation ig not separ-
able and the analysis heeomes very
complicated. Under certain condi-
tiong, Lowover, it is possible to treat
the mdividuaal atomg in the moleaule
ag independent scallering centers so
that the amplitude for scatiering
by fthe individual atoms in the mole-
cle can be obtoined by adding the
gplitudes Lor seattering by the in-
dividual atoms with proper allow-
anee Tor phase dierenees. The re-
sulting cross seetions must then be
averaged over all moleculir orlenia-
tions to give observable data. This
appoxitration will only be valid if
wulliple seattering of an elsetron
within the molecule is negligible and
it the diztortion ol the atumic fields
by the valence forees is also unim-
portant. Doth ihese condilions are
likely to he well satisfied For impacts
with fast eleetrons for which Born's
first approximation gives an ade-
quiate representation of the atomie
seattering (Masser, 19563, Tt is not
s0 obvious that when Boru’s first

approximation s inadequate the as-
sumption of independent seatlering
will always be satisfactory, but
there is ovidence thal it does have
a range of validity extending to
scattering of electrong with velowi-
ties mnch tos slow for Boro's firsl
approximation to be applicable. On
the other hand, Tor very slow rclee.
trons. with wave-lengths comparable
with the atomie separalions in the
molecule, there i no doubt that the
independent. seattering approxima-
tion iz no longer valid and the cal-
oenlation of the seattering presents
much ereater diffienlties.
Avceording Lo our discussions in
the above seetions, It seems more
flexible to use the variational meth-
od for inclastic scatiering of the elee-
trons by diatowie or pelyatomic
molecules. The behavior of phases
at small cneveies, the relation be-
tween the diserete and the eontinu-
ous speelrnm are direetly or lndi-
rectly  connected  with  variational
principles. Busides, il is welt known
that the hasie cquations ol stationary
pertrbation theory for bound state
car be derived trom a variatlonat
principle. Similar results can also
he chtained in collision theory for
the seattering amplitudes and the
phases 10 one starts from the sta-

tionary properety  of  appropriate
fimetionals, As regards numerieal

calenlations, it seems as if only vari-
ational methods allow one to take
into acconnd effectively and rigor-
ously such phenomena as the polari-
zalion of an atom hy an incident
eloetron and obtain results ol the
same deeree of aceuracy as is at-
tained in the cvaluation ol atomic
and molecular enerey levels, Tlow-
ever, in order to generilize Molsci-
witseh’s variational method foe in-
clastic seattering of eclecirons by
maoleenles, first we have to solve the
difficulties of the variational meth-









